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Abstract 

In this paper the Feynman path integral technique is applied to two-dimensional spaces of non- 
constant curvature: these spaces are called Darboux spaces D\-D\\. We start each consideration 
in terms of the metric and then analyze the quantum theory in the separable coordinate systems. 
The path integral in each case is formulated and then solved in the majority of cases, the 
exceptions being quartic oscillators where no closed solution is known. The required ingredients 
are the path integral solutions of the linear potential, the harmonic oscillator, the radial harmonic 
oscillator, the modified Poschl-Teller potential, and for spheroidal wave- functions, respectively. 
The basic path integral solutions, which appear here in a complicated way, have been developed 
in recent work and are known. The final solutions are represented in terms of the corresponding 
Green's functions and the expansions into the wave- functions, respectively. We also sketch some 
limiting cases of the Darboux spaces, where spaces of constant negative and zero curvature 
emerge. 
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1 Introduction 

1.1 General Overview and Recent Work 

In recent years there have been an enormous success in developing path integral techniques and 
in solving Feynman path integrals. After its invention by Feynman ^U], the solution of the 
harmonic oscillator has been for a long time the only accessible path integral solution. Several 
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textbooks made the path integral more popular, e.g. Feynman and Hibbs ^2] an d Schulman |6U| . 
However, as a tool in quantum mechanics the path integral remained in a dormant state, whereas 
its main applications were in field theory, e.g. I14 [ E?5"l 150]. Only later on, the technique of 
radial path integrals, i.e. the Cartesian path integral formulated in spherical coordinates, were 
developed in the 1960's by Edwards and Gulyaev |Hj and Peak and Inomata |5§] . 

Matters shifted with the first calculation of the path integral for the Hydrogen atom |S] by 
Duru and Kleinert. In the textbook a lot of applications and a summary of the development of 
this technique can be found, including many references on the subject. The principal development 
in their approach was a technique called space-time transformation, sometimes also called "Duru- 
Kleinert transformation" , which does not only performs a coordinate transformation in the path 
integral but also transforms the time-sclicings e = T/N into new time-sclicings 5. This combined 
coordinate and time-transformation usually ends up in manipulating the action in the path 
integral in such a way that a given problem is transformed into one of the basic path integrals. 
These basic path integrals are roughly speaking, the harmonic oscillator, the radial harmonic 
oscillator jSH] , the (modified) Poschl-Teller potential path integrals EH > and the Spheroidal 
Path Integral |24]l26j. In our book "Handbook of Feynman Path Integrals" [HI] we have given a 
thorough overview of all the techniques how to handle and manipulate path integrals, and, most 
important, an up-to-date list of several hundreds solvable path integrals and the corresponding 
references. 

The separation of a particular quantum mechanical potential problem into more than one 
coordinate system has the consequence that there are additional integrals of motion and that 
the spectrum is degenerate. The Noether theorem |57| connects the particular symmetries of a 
Lagrangian, i.e., the invariances with respect to the dynamical symmetries, with conservation 
laws in classical mechanics and with observables in quantum mechanics, respectively. In the 
case of the isotropic harmonic oscillator one has in addition to the conservation of energy and 
the conservation of the angular momentum, the conservation of the quadrupole moment; in the 
case of the Coulomb problem one has in addition to the conservation of energy and the angular 
momentum, the conservation of the Pauli-Runge-Lenz vector. In total, the additional conserved 
quantities in these two examples add up to five functionally independent integrals of motion in 
classical mechanics, respectively observables in quantum mechanics. 

A topic which appeared in the formulation of the radial path integral and for the (modi- 
fied) Poschl-Teller potential El E3 EZ] was path integration over group spaces. This included 
the formulation and evaluation of the path integral in spaces of constant curvature, the curva- 
ture being positive (spheres), negative (hyperboloids), or zero (Euclidean and pseudo-Euclidean 
space). This opened a new rich field of investigations. It required separation of variables in the 
Schrodinger-, respectively the Laplace-Beltrami equation Alb~E, in various coordinate systems 
in these spaces. The case of two- and three-dimensional Euclidean space can be found e.g. in [S"5"] 
and in the textbooks |54| I56j : In two-dimensional flat space there are four coordinate systems 
and in three-dimensional space there are 11 coordinate systems which separate the Helmholtz, 
respectively the Schrodinger equation. 1 

A thorough study of separation of variables of the Laplace-Beltrami equation in spaces of 
non-zero constant curvature was first performed by Olevskii 58 a , who studied the two- and three- 
dimensional cases of constant curvature. In particular, he found that on the two-dimensional 

1 As pointed out in |5j there are 17 types of coordinate systems which i?-separate the Laplace equation, i.e. 
A_ls$ = 0. However, these additional systems are very complicated except the case of the toroidal coordinate 
system. 
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hyperboloid there are nine coordinate systems and on the three-dimensional hyberboloid 34 coor- 
dinate systems which allow separation of variables in the Laplace-Beltrami equation. However, 
only in several cases which exhibit symmetry properties closed solutions in terms of higher tran- 
scendental functions are known. In many coordinate systems very little is known about the 
corresponding solutions of the Eigenvalue equation in terms of special functions and no closed 
solution is known. These coordinate systems are usually parameter-dependent, e.g. ellipsoidal 
or paraboloid systems. Usually, only in the non-parameter-dependent coordinate systems, like 
spherical and parabolic coordinates, a well-developed theory of higher transcendental functions 
is known. In these cases, the relevant eigen-functions can be expressed in terms of hypergeomet- 
ric and degenerate hyper geometric functions and we find Legendre polynomials (in cases with a 
discrete spectrum) and functions (in cases with a continuous spectrum), Bessel- and Whittaker 
functions (in cases with a continuous spectrum) and numerous polynomial solutions (in cases 
with a discrete spectrum), and so on. 

The only exception of parametric coordinate systems, where a developed theory of the cor- 
responding higher transcendental functions exists, are the elliptic and spheroidal coordinate 
systems in flat space [SHI and ° n spheres [22j . The important point is that this theory allows one 
to expand the exponentiated invariant distance in terms of elliptic and spheroidal wave- functions. 
These functions are one-parameter-generalized functions of the well-known spherical harmonics 
and Bessel functions. It also allows one to formulate the "Spheroidal Path Integral" which can 
be added to the list of Basic Path Integrals. 

Based on |2B] , the theory of [HH] , and the thorough study of coordinate systems in spaces of 
constant curvature [37], we were able to find the solution of the path integral formulations in 
these spaces, expressed in its separating coordinate systems [231 E]- This study included the two- 
and three-dimensional Euclidean and pseudo-Euclidean spaces, the two- and three-dimensional 
spheres, the two- and three-dimensional hyperboloids, imaginary Lobachevsky space, respectively 
the single-sheeted hyperbolic [22], SU(w,f)-path integration ^S], hyperbolic spaces of rank one 
[T9] , and Hermitian hyperbolic spaces ^§1 ES] • 

Let us finally note that due to Kalnins, Miller, Winternitz, and coworkers there is in a 
series of papers an extensive study on separation of variables of the Schrodinger-, respectively 
the Helmholtz equation in spaces of constant curvature, called "Lie Theory and Separation of 
Variables". We just would like to refer to Refs. E] El EOl E] and the textbooks [2J1E7J with 
their extensive reference list on this subject. 

1.2 Introducing Darboux Spaces 

An extension of the study of path integration on spaces of constant curvature is the investigation 
of path integral formulations in spaces of non-constant curvature. Kalnins et al. |38| I39j denoted 
four types of two-dimensional spaces of non-constant curvature, labeled by Di~Diy, which are 
called Darboux spaces |48j . In terms of the infinitesimal distance they are described by: 



(I) 



ds 2 



(x + y)dxdy 




(II) 





(III) ds 2 = (ae- ix+y)/2 + be~ x - y )dxdy , (1.3) 
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(IV) 



a 



U{x-y)/2 + e (y-x)/2\ + ft 



dxdy . 



(1.4) 



(q{x-v)/2 _ e (j/-x)/2)2 



a and 6 are additional (real) parameters. Kalnins et al. |381 139j studied not only the solution of 
the free motion, but also emphasized on the super-integrable systems in theses spaces. Super- 
integrable means that in two dimensions at least three constants of motion must exist, which is 
by construction already fulfilled for the free motion. They found appropriate coordinate systems, 
and we will consider all of them. In the majority of the cases we will be able to find a solution, 
however in some cases this will not be possible due to the quartic anharmonicity of the problems 
in question. 

The Gaussian curvature in a space with metric ds 2 = g(u,v)(du 2 + dv 2 ) is given by (g = 
det g(u,v)) 



Equation (|1,5[) will be used to discuss shortly the curvature properties of the Darboux spaces, 
including their limiting cases of constant curvature. 

In the following sections we discuss each of the four Darboux spaces, we set up the La- 
grangian, the Hamiltonian, the quantum operator, and formulate and solve (if this is possible) 
the corresponding path integral. We also discuss some of the limiting cases of the Darboux- 
spaces, i.e. where we obtain a space of constant (zero or negative) curvature. In particular, for 
D\\ we consider the limiting case b = a little bit more explicitly: it gives the two-dimensional 
hyperboloid (with constant negative curvature). The other limiting case on D\\ (a = 0, i.e. IR 2 ) 
is only sketched. In the case of D\ there is no limiting case, because we have no free parameter 
in the metric to choose from. In the two remaining Darboux-spaces, -Dm and Diy, the limiting 
cases of Dm is not very difficult since it is the zero-curvature case IR 2 which emerges. In Diy 
we sketch the matter with some notes. 

In order to make the paper self-contained we provide in the Appendices some material about 
the Basic Path Integral techniques and solutions. We set up the path integral formulation for 
general coordinates, including our lattice definition of the time-sliced path integral and shortly 
describe several transformation techniques, including coordinate transformation and the space- 
time transformation. Also, we summarize some important path integral solutions, like the (radial) 
harmonic oscillator, the linear potential, and the modified Poschl-Teller potential, including 
the corresponding Green's functions. These solutions including their generalization to related 
potentials are indispensable tools in the path integral investigation of Darboux spaces. 

2 Darboux Space D\ 

We start with the consideration of the Darboux Space D \ and consider the following coordinate 
systems 




(1.5) 




x = u-\-\v , y = u — iv , 
u = r cos i? + q sin , 
v = —r sin •& + q cos i9, 




(2.1) 



(Rotated 





(Displaced parabolic:) 



u = -(£ 2 -rf)+a , v = £rj 
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The infinitesimal distance, i.e., the metric is given by 

ds 2 = (x + y)dxdy , (2.5) 

((u, ^-Coordinates:) = 2u(du 2 + dv 2 ) , (2.6) 

(Rotated (r, ^-Coordinates:) = 2(rcos t? + gsintf)(dr 2 + dg 2 ) , (2.7) 

(Displaced parabolic:) = (£ 2 - rj 2 + 2a)(£ 2 + r/ 2 )(d£ 2 + dif) . (2.8) 

We find e.g. in the (u, v )-system for the Gaussian curvature 

K = $. (2.9) 

There is no further parameter in the metric, therefore this space is of non-constant curvature 
throughout for all u > a with a some real constant a > 2 . 

2.1 The Path Integral in (u, v )-Coordinates on Dj 

In order to set up the path integral formulation we follow our canonical procedure as presented 
in |34| . The Lagrangian and Hamiltonian are given by, respectively: 

£(u,u,v,v) =mu(u 2 + i) 2 ), H(u,p u ,v,p v ) = —^—(pl + pi) , (2.10) 

Amu 

and we must require u > a for some a > 0, and v £ [0, 2ir] can be considered as a cyclic variable 
|39| . The canonical momenta are 

hf d 1 \ h d . . 

^=iU + 2j< = (2 - n) 

and for the quantum Hamiltonian we find 

h 2 1 / d 2 d 2 \ 1 1 , 2 2 , 1 . 

^ = -^fe + ^J = 2^^ + ^ ' (2 ' 12) 
We formulate the path integral (first ignoring the half-space constraint): 

NN-l 



K(u" ,u , v" ,v' ;T) = ^lim y - . ^ JJ ^ 2njdnjdvj exp 



AT 



u(t")=u" u(t")=«" 

(2.14) 



y 2?«(t) y £>u(i)2«exp ^y u(u 2 + i> 2 )di 



(2.13) 



u(t')=u' v(t')=v' 

(uj = ^jUjUj-i ). I have displayed the path integral in our lattice definition, which will be used 
throughout this paper. Due to this lattice definition of the path integral, we have no additional 
S 2 -potential because the dimension of the space of non-constant curvature equals 2, c.f. (|A.7[) . 
In this path integral we perform a time transformation according to £±bu\ = 2ujAsrj> , i.e. with 

In |39| the condition a > | is imposed in order to embed D\ into a three-dimensional space with coordinates 
X, Y, /such that dX 2 +dY 2 +dZ 2 = 2u(du 2 +dv 2 ). For dX 2 + dY 2 + dZ 2 we have v € [0, 2tt). For dX 2 + dY 2 -dZ 2 
we have v £ IR. 
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time-transformation function f(u) = 2u = y/g (g the determinant of the metric tensor), and we 
obtain: 



K(u , u , v , v ; T) = 
with K(s") given by: 

TS I II I II I II \ 

K(u ,u ,v , v ; s ) = 



30 dE e -iET/n I \- /v> ". 

00 



u',v",v';s") 



u{s")=u" 







v{s")=v" 



(2.15) 



Vu{s) 



Vv(s) exp 



m 



{ii 2 + v 2 ) + 2uE 



ds 



u(0)=u' 



£ ■ 

i=— 00 



2tt 



exp 



d(0)=d' 



2fc2 



u(s")=«" 



i l Z H 



h 2m 



Vu(s) exp 



u(0)=u' 



1 

ft ./o 



m 



2uE )di 



(2.16) 



The feature that the time-transformation function equals / = yfg is a general feature of the 
Darboux-space path integration. I have separated the v-dependent part of the path integral in 
circular waves. The remaining path integral in the variable it is a path integral for the linear 
potential. Let us denote the path integrals in the variables u and v by K u (s") and K v (s"), 
respectively. We obtain for the product of the two kernels with corresponding energy-dependent 
Green-functions G U (E;£ U ) and G V (E;£ V ): 



TjT { II I II I rr\ 

K(u ,u,v ,v ; i ) 
roc dE 

- x) 2irh 



J-00 27Tfi Jo 



11 1 11 \ ts ( H 1 a \ 

v , v ; s ) ■ K u (u ,u ;s ) 



°° d^ e -i^T/n / - ds // 
-00 2ttH 







x ■ 
27ri 

00 dE 



l - J d£ v e-^ s "^ h G v (E; v",v'; £ v ) ~ f d£ u e"^" '/*G U (E; u" , u'; £ u ) 
' lET/H ^ i J d£G v (E;v",v';-£)G u (E; u", U ';£) . 



_oo 2ttH 

Alternatively, in terms of the Green's function we get 

h 



G(u" ,u',v" ,v';E) = — [ d£G v (E;v",v';£)G u (E;u",u';-£) 
2ir\ J 

Inserting now the explicit form of the v-dependent kernel we obtain: 



jr I II I II I rr\ 

K{u , u , v , v ; 1 ) 



x) d£7 _ iET/h ^ v 



^± e -iET/h 

2irh ^ 



l=—oo 



2tt 



G u [E;u , u , 



2m 



(2.17) 



(2.18) 



(2.19) 



For the complete solution we must know the kernel G u (u" , u'; £) which we obtain in the following 
way. The Green's function for the linear potential V{x) = kx is given by [31] 



GW( X », X >;£) = ^ 



£ 



x — — ) \ x — — 



£ 



1/2 



xl 



1/3 



\/8mk 
3h 







^3/2" 





\/8mk 



£x3/2 



3h \ X> k 



. (2.20) 
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I u and K u are modified Bessel- functions and x < and x > denote the smaller and larger of x' 
and x", respectively. We have to identify £ = — L 2 h 2 /2m, k = —2E, and x = u. In addition, we 
have to recall that the motion in u takes place only in the half-space u > a. In order to construct 
the Green's function in the half-space x > a we have to put Dirichlet boundary-conditions at 
x = a |20[ I21j. Therefore the Green function for the linear potential in the half-space x > a is 
given by: 

a; £)G« («,«';£) 



G {x=a) (u",u';£)=G^(u",u';£) 
Therefore we obtain finally: 



G( fc )(a,a;£) 



(2.21) 



G{u , u , v ,v ;ki) 



'1/3 



oo 

E 

/=— oo 



jl(v"-v') 4 m 

2?r ~3h 



l 2 h 2 



4mE J \ AmE J 



l 2 h 2 \ 



1/2 



l 2 h 2 
4mE 



K 



1/3 



l 2 h 2 
4mE 



l z h z \ 

~JI\ Ki / 3 { u -^e) k ^{ u ~m) 

4mE J 



K i/3 a 



(2.22) 



And iv(z) denotes 



4^-mE 
3h ' 



.3/2 



with K v (z) similarly. The Green's function ()2.22|) is rather complicated due to the boundary 
condition at u = a, and we will not evaluate the free particle wave-functions. Let us only consider 
the following point. According to Langguth and Inomata jlH] the modified Bessel function I u (z) 
has the asymptotic expansion 



1 



^z-u 2 /z 



(for | z | 



oo 



provided ^St(z) > 0. However, if — 3tt/2 < arg(z) < tt/2 one has 



1 e z-" 2 /z + 1 



2tt 



-z +v */z+i*(v+m (for _ oo). 



(2.23) 



(2.24) 



(A similar consideration is valid for K u .) In our Green's function (|2.22|) we now see that due 
to the — sign in the square-root expression in the argument of the modified Bessel functions, its 
argument becomes purely imaginary, from which follows that for large u we get "plane" waves 
oc e KU with some wave-number k, including in- and out-coming waves. This is the well-known 
feature of "plane-waves" in the free particle motion, in the present case modified by the curvature 
of the space. 

Let us note another particularity of the quantum motion in D\. According to [31] the coordi- 
nates (u, v) can only be uniquely determined if we embed the space D\ into a three-dimensional 
Euclidean space with definite or indefinite metric respectively. In the present calculation we have 
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chosen the definite case. However, if we chose a metric according d 2 X+d 2 Y — d 2 T = 2u(d 2 u+d 2 v), 
it is found that the variable v can vary in its range over the entire real line, i.e. v S 1R. In the 
separation in the path integral (|2,l(i|) the only difference would be that the summation over the 
discrete quantum number I is replaced by an integration over the continuous quantum number 
k, say, including the replacement I — ► k in all following formulas from (|2.16|) on. 

The problem of the exact range of the variables (u, v) we will encounter several times, and 
for this reason we will leave this range unspecified. Implicitly we assume that when terms oc u~ 2 
appear that u is in the range u > 0, i.e, a radial variable. In the other coordinate systems like 
parabolic, spherical, elliptic, etc, the usual range of variables is assumed. If however, a coordinate 
is treated within the range of IR, but is in fact restricted to be positive or larger than a definite 
number, then (|2.21l) must be applied to find the proper quantum solution. 

2.2 The Path Integral in Rotated (r, g)-Coordinates on Dj 

In order to set up the path integral formulation we follow again our canonical procedure. The 
Lagrangian and Hamiltonian are given by, respectively: 



£(r, r, q, q) = m(r cos •& + gsini?)(r 2 + q 2 ) , 



(2.25) 
(2.26) 



H(r,p r ,q, Pq ) = — — -^(P 2 r +P 2 q) ■ 

4m(r cos I/ + qsmtt) 



The canonical momenta are 




(2.27) 



(2.28) 



The quantum Hamiltonian has the form 



H 




(2.29) 




1 



(2.30) 



2m ^/2(r cosi? + qsiwd) 



\j2{r cos W+q sin Wj 



The path integral is formulated in the usual form: 3 



r(t")=r' 



Ji 



q(t")=Q' 



n 





r(t')=r 



q{t')=q' 




■T 



x exp 




(2.31) 



3 We will assume r, q G IR, otherwise 12. 2H must be applied. 
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r(«")= 

K(r",r',q",q';s") = J Vr(s)exp ^ jT (^r 2 + 2Er cos #J ds 

r(0)=r' 

s")=q" _ s „ 

J Vq(s)exp (^q 2 + 2£<? sin tfj ds 



9(0)=?' 



(2.32) 



I have time-transformed the path integral with the time-transformation function f(r,q) = 
2(rcos$ + gsini?) = y/g. Both path integrals are path integrals in r and q, respectively, for 
the linear potential. In order to find the Green's function we set the Green's function in the 
variable r as G r {£) and in the variable q as G q (£), respectively. We get similarly as before: 

K(r",r>,q", q ';T) = /~ ^ e"^ ± J d£G r (r",r'; -£)G q (q\ q'; £) . (2.33) 

Together with the solution of the linear potential, this gives the solution 

K(r",r',q",q';T)= JdEe~ iET / h J d£ 



rn 



h 2 \ E cos ft 



2/3 



xAi 



, // 

- r - 



( AmE cosi?\ 1 / 3 



rn 



2Ecos$J\ 

2/3 



h 2 



Ai 



£ \ ( AmE cos tfX 1 / 3 



— r — 



2£ cos ^7 V 



h 2 



h 2 V .Esini? 



xAi 



q" + 



2Esm$J V 



/AmE sint?\ ^ 3 



ft 2 



Ai 



+ 



£ 



2Esm$ V 



/4m£ sin??\ 1/3 



h 2 



and Ai(z) denotes the Airy function (£ 

1 



,3/2). 



Ai(z) = -Vi[/-i/3(0-A/ 3 (0. 
Ai(-z) = ^[j-l/ 3 (£Wl/3(0 



1 /I 



vr V 3 



#1/3® , 



(2.34) 

(2.35) 
(2.36) 



2.3 The Path Integral in Displaced Parabolic Coordinates on D\ 

In parabolic coordinates the Lagrangian and the Hamiltonian are given by: 



m 



The canonical momenta are 

Pi = 

Pv = 



pj+p 2 , 



2m (£ 2 -T] 2 + 2a)(£ 2 +r? 2 ) ' 



hid 



+ 



+ 



.( 

i \d£ £ 2 -r/ 2 + 2a £ 2 + r/ 2 

h / d 7] 7] 

i\drj ^ 2 — r/ 2 + 2a £ 2 + rf 



(2.37) 
(2.38) 

(2.39) 
(2.40) 
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The quantum Hamiltonian has the form 



1 



fl (# | # 

2m (£ 2 - r/ 2 + 2a) (e 2 + r/ 2 ) \d£ 2 d V 2 

1 1 / 2 2 \ ^ 

2^ V(£ 2 - ?? 2 + 2a) (e 2 + W) 5 +P " V(F^ 2 + 2a) + ^ 



(2.41) 
(2.42) 



The path integral formulation is as follows (with the implemented time-transformation function 



K(e,e,v",v;T)= I vm J v v m 2 -v 2 +2a)(e + 

«f)=€' 



»7(t")=r?" 

/ 



x exp 



lm 



^ / (e 2 -r/ 2 + 2a)(e 2 +r ? 2 )(e 2 + ? ) 2 )dt 



d£ 
2^' 



o 

C(«")=C" 



»?(«"W 



iET/H / dg // 



£>r/(s) 



exp U f " f?^ 2 + f) + ^ 4 " 774 + 2a(e2 + 



ds 



(2.43) 



This is a path integral of a quartic anharmonic oscillator which cannot be solved. 



3 Darboux Space Du 

In this section we consider the Darboux Space Du ()1.2j) . We have the following four coordinate 
systems 

1 1 

((u, ^-Coordinates:) x = —(y + iu), y = -(y — m), (3-1) 
(Polar:) u = £>cosd, v = psintf , (g > 0, i? G (-§ , f )) , (3.2) 

(Parabolic:) u = £77, u = ^(£ 2 - r/ 2 ) , (f > 0, 77 > 0) , (3.3) 

(Elliptic:) u = dcosha; cos tp, v = d sinh to sin p , (u> > 0, (p £ ( — §, §)) • (3.4) 

2d is the interfocal distance in the elliptic system. Separation of variables is possible in all four 
coordinate systems. For convenience we also display in the following the special case of the 
parameters a = — 1 and 6=1 The infinitesimal distance is given in these four cases: 

ds 2 = (7 — ^—^ + b)dxdy 
\{x-yy J 

d up 1 -U \ 

((u, ^-Coordinates:) = 5 — (du 2 + dv 2 ) = „— (du 2 + du 2 ) , (3.5) 

, \ bp 2 cos 2 $ — a , , 9 9 , „ 9 , a 2 cos 2 d + 1 . , 9 9 , „ 9 , , 

Polar: = 9-— da 2 + £ 2 dd 2 = =— (dg 2 + g 2 d$ 2 , 3.6 

fr cos z v g z cos z d 
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2^2 



(Parabolic:) 



£ 2 ?7 2 

be 



a 



+ brj 



>1 



(df + drj 2 



2J2 



(Elliptic:) 



bd 2 cosh 2 uj cos 2 ip - 
cosh 2 uj cos 2 ip 



(3.7) 
(3.8) 



-(cosh 2 uj — cos 2 ip)(duj 2 + dip 2 ) 



bd 2 cosh 2 uj + 



bd 2 cos 2 ip + 



, ( , , (du; 2 I «l/).(3.!)i 

cosh W/ \ COS z <£/. 

We can see that the case a = — 1, 6 = leads to the case of the Poincare upper half-plane 
|17 | I23 | i.e. the two-dimensional hyperboloid A^ 2 \ In this case separation of variables is 
possible in nine coordinate systems [SHJ; this has been extensively discussed in [2UHH]. The 
parabolic case corresponds to the semi-circular-parabolic system and the elliptic case to the 
elliptic-parabolic system on the two-dimensional hyperboloid. On the other hand, the case 
a = 0, b = 1 just gives the usual two-dimensional Euclidean plane with its four coordinate 
system which allow separation of variables of the Laplace-Beltrami equation, i.e., the Cartesian, 
polar, parabolic, and elliptic system. Hence, the Darboux space II contains as special cases a 
space of constant zero curvature (Euclidean plane) and a space of constant negative curvature 
(the hyperbolic plane). A discussion of a more general case on the question of contracting Lie 
algebras corresponding to coordinate systems in spaces of constant curvature can be found in 
|36j . This includes the emerging of coordinate systems in flat space from curved spaces. 



Table 1: Limiting Cases of Coordinate Systems on Du 



Metric: 




A( 2 )(a=-l,b=0) 


E 2 {a = 0,6= 1) 


bu \ a (du 2 +dv 2 ) 
u 


(u, w)-System 


Horicyclic 


Cartesian 


bg 2 COS 2 ^-fl (d 2 +M 2 ) 
Q COS V 


Polar 


Equidistant 


Polar 




Parabolic 


Semi-circular parabolic 


Parabolic 


bd 2 cosh 2 uj cos 2 ip — a 

cosh 2 uj cos 2 ip 
x (cosh 2 uj - cos 2 p)(duj 2 + d 2 ip 2 ) 


Elliptic 


Elliptic-parabolic 


Elliptic 



We find for the Gaussian curvature in the (u, v )-system 

« = <3 - 10) 

For b = we find K = 1/a which is indeed a space of constant curvature, and the quantity a 
measures the curvature. In particular, for the unit-two-dimensional hyperboloid we have K = 
1/a, with a = — 1 as the special case of A^ 2 ). In the following we will assume that a < in order 
to assure the positive definiteness of the metric (1.2). 
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3.1 The Path Integral in (it, ^-Coordinates on D u 

We start with the (u, ^-coordinate system. We formulate the classical Lagrangian and Hamil 
tonian, respectively: 

m bu 2 — a 



C(u, u, v, v) 
H(u,p u ,v,p v ) 



ir 



-(u 2 + v 2 ) 



1 



ur 



2m bu 2 



-ipl+P 



The canonical momenta are 



Pa 



ft/ d 



+ 



bu 



1 



( ^ . 

i V du bu 2 — a u J 



Pv 



n d 

i dv 



The quantum Hamiltonian has the form 

H = 



h 2 u 2 



2m yjb 



— a 



--{pi+p 



2m bu 2 — a \ du 2 dv 2 J 

1 u -2,2 



u 



u* — a 



(3.11) 
(3.12) 

(3.13) 

(3.14) 
(3.15) 



We write down path integral, perform a time-transformation with f(u) = (bu 2 — a) ju 2 = ^fg and 
insert the path integral solution for the free particle in the variable v and the radial harmonic 
oscillator [HUES! in the variable u (A 2 - 1/4 = 2maE/h 2 ): 



u(t")=u h 



v(t")=v' 



K(u",u',v",v';T) 



Vu(t) 



_ , . bu 2 — a 

Vv(t) ^ ex P 







u(t')=u' 


dE 
e 


iET/h 


/ ds" 


2ttH 




'0 


u(s")=u 


tr 


v(s")=v 


I 


Vu(s 


» / 


u(0)=u' 




v(0)=v' 


dE 
- — e 


iET/h 


r°° ds" 


2ttH 






u{s")=u 


r 





v(t')=v' 



im 



T bu 2 



2h Jo u 2 



-(u 2 + v 2 )dt 



Vv(s) exp 



ft Jo 



m . n 9n aE 
+ 



ds + -bEs" 

h 



dk e 



ik(v"-v') 



X 

u(0)=u' 

00 dE 



Vu(s) exp 



i 

ft Jo 



m. 2 fc2 A2 -i 



— ii z - ft? 
2 2mu l 



exp f -bEs" 



ds 



i ftfk 



2 i.2 



h 2m 



iET/h 



2nft 



x exp 



i 

ft\ 



bE 



ds" 

o 

h 2 k 2 
2m 



ik(v"-v') mVv/u 1 ' 
i 

h 



dk e 1 



II . 1 m , /2 „2, 

S + H2^ {U +U ] 



ifts" 



(3.16) 



We can see that the case a = yields the solution of the free particle in K 2 since A = dbi, and 
a proper combination of I±i give exponentials. Together with the integral |15[ p. 719] 



2 

f°° e~ a/x ~ hx JJcx)— = 2jJ\/2a(V¥Td 2 -b)]K l/ \\/2a(Vb 2 + d 2 + b) 
Jo x L J L 



(3.17) 



3 DARBOUX SPACE D u 



13 



we obtain for the Green's function (A resolved and taken on the cut, a < 0) 

II I II I tta 

(j[u , u , v , v ; hj) 



OO 



-4 r dfce^"-^') 



oo 
oo 



p sinh 7rpdp / / „ 2mbE , \ I / 9 2mbE „ 



^¥^ K *[f 2 -— " K " \f 2 - — " 1 ' <319) 



2m a 



with 



/l 2m|a|£ 

A = V4-4^^- (3 ' 20) 



The wave functions and the energy spectrum are read off: 



e 1 ^ V2psinh 7rp / /,„ 2mbE i 



h 2 ( 2 1 



.E = — / + - . (3.22) 

2m\a\ V 4/ v ; 

Here I have used the following identity as used in [321 utilizing |521 p. 194] and 15, p. 819, p. 732], 
respectively 

1 f°° f a 2 + b 2 + t 2 \ 
I\(ax)K x (bx) = —j=j^ dtQ A _i /2 ^ — J cosxi 

I roo f°° ptanhnpdp fa 2 + b 2 + t 2 

= 7=F \ dtCOSXt 7V-1/2I o 7 

7rVa6 Jo jo A" 1 + ' V 2a6 



/■^ptanhvrpdp 

/ — To- — 5 — Aip(a^)-Ki p (to) . (3.23) 
Jo * + P 



vr 2 Jo 



'PfiiQfi are Legendre- functions of the first and second kind, respectively ^3 p. 999]. The case 
a = —1, 6 = 1 gives the case of [SB], i-e. the Green's function: 



G(u",u',v",i/;E) = / dke ik ( v "~ v ^ 

J — oo 

* 1°° g jlTjtz e k " y^^r^) *» (v^^i) -') ■(^> 



And the wave functions read 

e lkv ^/2psinh7rp 



*<«,„) = ^.^»A', p (v^(7TI)A . (3.25) 

If we take in (|3. 19|) a = —1, b = we obtain the solution for the Poincare upper half-plane |32| . 
We can evaluate (j3.16|) by means of JT33 p. 719] yielding 

G(u",u',v",v';E) = -J= e - zcosh %(z)^ = — Q_i_ ip (cosh d) , (3.26) 

V27T JO \/ Z 7T 2 
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where 



coshd 



(v" - v') 2 + u' 2 + u" 2 
2u'u" 



(3.27) 



which is the Poincare distance on the hyperboloid. For 6/0 such an expression cannot be found. 

3.2 The Path Integral in Polar Coordinates on D\\ 

In polar coordinates the classical Lagrangian and Hamiltonian are given by 



2 \ £ z cos z i// 



The momentum operators are 

Pq = 

P'd = 



2 1 2 

p Q + -^Pv 



and the quantum Hamiltonian is given by: 



2m g- cos- J V - g- 

d ( bg cos 2 $ 1 

dg \b cos 2 t& g 2 — a 2g 

d ( „ bg 2 sin t? cos t? 
— + tani? 



6f? 2 cos 2 1? — a 



(3.28) 
(3.29) 

(3.30) 
(3.31) 



H = 



-1/02 ! s ! #2 

+ -7T- + 



2m V g 2 cos 2 $ ) \dg 2 gdg g 2 ch? 2 



(3.32) 



2m V £> 2 cos 2 1? 



-1/2 



-1/2 



- 6- 



- 1 ft 2 



£ 2 cos 2 i9 y 8mg 2 

(3.33) 



Hence, we get for the path integral 

e(t")=e" 



0(i")=0" 



K( Q ",g',r,#';T)= J Vg(t) J VV{t)g(b 



x exp 



e (t>)= e > 



£> 2 cos 2 1? 



£ 2 COS 2 1? 



(^ + g 2 i) 2 ) + ( 6 



1 h 2 



g 2 cos 2 "d J 8m g 



dt } . (3.34) 



However, this coordinate representation is not very well suited for our purposes, except that we 
recover for a = polar coordinate in K 2 . We introduce g = e T2 and cost? = 1/ coshri. This 
gives the transformed path integral 



n(t")=< 



x exp 



I 

T 2 {t')=r! 2 



J X>n(t) J Vr 2 (t) cosh n (^^— -a^ 



frJo 



m( 6e 2r2 \ .. 2 ]2 .2, / 6e 2T2 
TUo^- a J (ri+COSh TlT2) -lc^hV 



- 1 ft 2 / 



1 + 



8m V cosh 2 n , 



dt 
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,00 £ E 
-00 2ttH 



poo 

e -iET/H ds "K(T^Ti,T^r^s") (3.35) 
Jo 

with the time-transformed path integral K(s") given by = \J\~ 2m\a\E/h 2 , a < 0^ : 
n(s")=ri' t 2 (s")=t^' 

J Vti(s) J T>T2(s) cosh Tl 



r 1 (0)=r{ 



x cxp 



h Jo 



— (ff + COsll^ TlTf) + £6 — -2— 
2 cosh Tl 



aE 



*h 1 



+ 



8m V cosh Ti 



dt\ . (3.36) 



The path integral in T2 has now the form of the path integral for Liouville quantum mechanics 
[31 EU yielding 

i(|o|£--V ; 
hV 1 8m/ 



.fT (r" , r{ , r 2 , ; s ) = w cosh r{ cosh r{ exp 



2 

n ( S ")=< 



Pri(s) exp 



r 1 (0)=r( 



fcVo V^" Tl ~ 2^cosh 2 ri 



ds 



cosh r{ cosh r{ exp 
X — ^ / dfe /c sinh TrkK^ 

TT Z Jo 



8m I 



\j-2mbE 



■e'2 



>4E 



p sinh 7rpdp 



2 ^ Jo cosh /c + sinh 7rp 



e-^ fe ''/2- J Rj_ i/2 ( ± tanhr() J Ri , _ 1/2 (±tanhTl / ) , (3.37) 



/2 



where we have inserted the path integral solution for the special case of the modified Poschl-Teller 
potential |24j . Performing the s^-integration gives the energy-spectrum: 



E 



•2m\a\ \ P + 4 



with the Green's function 



G w^^y^-£jr»jr^g)w;^> , ( a, 8 , 



and the wave-functions are given by 
* P ,fc,±(n,r 2 ) 



V2 coshri 



7T 



V sinh 7rA; i^; 



sinh 7rpdp 



\/2sini? 



7T 



V sinh 7r/c ^PCj 



j> z + - ) g 



p sinh 7rpdp 



cosh 2 k + sinh 2 7r» ifc 1/2 



P.f\ /2 (±sintf). (3.40) 
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Here, we have inserted the original (g, i9)-coordinate system. For b = we obtain the equidistant 
coordinate system on the two-dimensional hyperboloid. For the coordinate ti, this is obvious. 
For the coordinate T2 we observe that the -fG-Bessel function can be represented in this limit as 
[H3 p.1063] 

*.<«) = yie-*(2*)>(i + „, 1 + 2,, x) « ^|v^ e*- , (341, 

which gives together with the normalization factors the final result of |24j . 



3.3 The Path Integral in Parabolic Coordinates on D n 

The classical Lagrangian and Hamiltonian are given by 



The canonical momenta are given by 

Pi = 

Pr, = 

The quantum Hamiltonian has the form: 



mb^rj 2 - a (t2 < ^ 2 

l r j2 

1 £V p\+P% 
2m b^ 2 r/ 2 — a £ 2 + rj 2 

hid b£ + a/£ 3 " 

h ( d b-q + a/7/ 3 
i \dr] sfg 



H 



2m 
1 
2m 



a a 



£>£ 2 + &r? 2 



£2 ^ 

a a 
£ 2 rj 2 



1 ( q2 q2 



Q£2 Qj^l 



-1/2 



(pl+p Z v )[be + bv 



a a 

£ 2 7] 2 



-1/2 



(3.42) 
(3.43) 

(3.44) 
(3.45) 

(3.46) 
(3.47) 



We obtain for the path integral in parabolic coordinates and a time transformation (the time- 
transformation function reads f(C,i]) = (b£ 2 7] 2 — a)(£ 2 + r] 2 )/£ 2 r] 2 = ^/g): 



«*")=€" v(t")=v" 



v v {t) 



£ 2 rj 2 



e(f)=c 



n{t')=rf 



(r + ^)exp 



im f T bt^rj 2 — a 



2H Jo £V 



-oo 27rft jo 
with the path integral K(s") given by 

>-n /-i n i n \ T r / j-i n 



(3.48) 



K(£ ,£ ,rj ,7? ; s ) = , £ ; s )K n {r] , r\ ; s ) 



P^(s) exp 



€(o)=e 



ft 7o 



m 



t z + Elbt 



ds 
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r,(s")=r," 



Vrj(s) exp 



v(o)=v' 



h Jo 



m 



if + E[ brj 



ds 



The Green's function of the kernel G v {6) is given by (A^ 
a<0): 



T[\{l + \-£/hw)] 



' e ]£) = ^veem + a) {—^j M z/^/i {—^ 



2m\a\E/h 2 , oj 2 



f muj 



(3.49) 
-2bE/m, 

(3.50) 



Mn tU (z), Wuv(z) are Whittaker functions |15l p. 1059]. Inserting the solution for the radial kernel 
in £ we get for G(E) (we can also interchange £ and 77, however, the final result will be symmetric 
in £ and r], so this is not necessary) 



G^"^', V ", V ';E) 



d£ 



o sinus 



It CX P 



— (£ +i ) COt LOS 



h 



muj'Z" 
\hsmus" 



_ c -i£s"/n [ 2 
2vri 



w/ft r[i(i + A-g/H] - 
ftwV?? 7 r(i + A) 



W £ / 2hL ,,\/2 -^~V> M<>/2ftu;,A/2 ^-^< 



into 



h r d£ /£'£" r°° dp p sinh 717? 



r[i(i + A-f)] 



r(i + A) 

00 wds" 



■ cxp 



£/2,A/2 [ — ^ ) M £/2,X/2 [ — V< 
■ l£u)S " -^(f +f)cotuos" 



10 sinws 

where we have used the dispersion-relation ^5] 



i/isinws" 



7r^m jo 



dp p sinh 7175 



2m 



(p 2 + 1: 



-^i P (^) 



(3.51) 



(3.52) 



and have redefined £ — > The s"-integral in (3.51) is evaluated in the following way: We set 
u = 10 s" , followed by a Wick rotation, yielding 



du 



exp 



sinh u 
(subsitution sinh-u = 1/sinhu: 

00 / „,\ £ 



2h 



A, 



h sinh u 







dv coth ■ 



exp 



mu l2 d 2, , 
— (£ + £ )coshu 



1/' 



V h 



£ £ sinh v 



r[i(i + ip-f)] 



£/2,ip/2 



mw //2 



f ]w £/2iW2 i— e 



(3.53) 



where we have applied the integral representation |151 p. 729]: 



coth 



x 



2v 



exp 



i cosh x I A 2 ^ (ty / ala 2 sinh x)<ia 



t^/aI7i2T(l + 2/x) 



W„ >M (oit)Wi,, M (o2t) • (3.54) 



3 DARBOUX SPACE D u 



18 



Collecting terms, this gives for G(E) 

G(£",£WW;£) = ^(erwr 172 / as 

dppsmhnp |T[^(1 + ip — 



2m|a| 



E 



P 2 



We/2,i P /2^" 2 )w^ /2:ip/2 {ip^ 



x|r[i(l + ip - £ )fw £/2jip/2 (iprl)—^- 



W £ / 2 ,ip/2(iPV< 



[i(i-ip-f)]r(i + i P ) 



(3.55) 



We have abbreviated oj = i^-yo(p 2 + |)/|o| = i^P- In order to evaluate this expression on the 
cut, we use the following representation as given in Ref. [52, p. 298] 



ir, 



7T 



sin(27r^) 



M 



» 



M 



ra + M-x)r(i-2 M ) 



M -x)r(i + 2 M ) 



(3.56) 



This gives the final expression for the Green's function: 



x / d£ 



dppsinhvrp \T[ 2 (1 + ip — £ )]\ 4 



2m\a 



2vrp 2 



x W s/2jip/2 (ipe ,/2 ) W/2,ip/2 (&*) We/2jp/2 (ip? 2 ) W| /2)ip/2 (ip/ 
The wave-functions can be easily read off from this expression: 



*£, P (£,»7) 



/psinhyrp |r[^(l+ip-<g)]|- 

27T^ 



W£/2,ip/2 (ip£ 2 ) W e /2,ip/2 (iPC 



(3.57) 



(3.58) 



Note the simplifications in the case a = — 1, b = 1. 

Recall that we have redefined £ — ► in (|3.53|) . In the limiting case 6 = and S/hco 
reinserted, this means that £/2fkv — ► oo for cj — > 0; however the product of the index and the 
argument of the Whittaker-functions (£ /2huj) ■ (moj/h) is constant. In this limit the Whittaker- 
functions yield K v - and -ff^-Bessel functions, as it should be for the semi-circular-parabolic 
coordinate system on the two-dimensional hyperboloid. Of course, the parabolic system in IR 2 
can be recovered, e.g. staring from (|3.49j) . This concludes the discussion. 



3.4 The Path Integral in Elliptic Coordinates on D\\ 

The classical Lagrangian and Hamiltonian are given by 



m bd 2 cosh oj cos 2 ip — a 



rn 
~2 
1 



cosh 2 oj cos 2 ip 
bd 2 cosh 2 oj + 



cosh 2 oj 



(cosh oj — cos <p)(oj + (p ) 



bd 2 cos 2 (p + 



cos 2 <p 



{oj 2 + ip' z ) , (3.59) 



cosh oj cos 2 ip 



2m (bd 2 cosh oj cos 2 ip — a) (cosh oj — cos 2 ip) 



(pI+pI) ■ 



(3.60) 
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In the following we use 



V9 



bd 2 cosh uj cos 2 ip — a 



cosh 2 uj cos 2 ip 
For the momentum operators we obtain 



(cosh 2 uj — cos 2 ip) 



d tanha; 



bd 2 cosh 2 u 



a 



This gives for the quantum Hamiltonian 



d tan ip ( 2 2 
' bd cos tp 



cosh uj 
a 



cos^ if 



(3.61) 
(3.62) 



H 



h 2 cosh 2 uj cos 2 p ( d 2 d 2 

2m (bd 2 cosh 2 uj cos 2 ip — a) (cosh 2 uj — cos 2 ip) \ duj 2 dp 2 



(3.63) 



Therefore we obtain for the path integral (the time-transformation function reads f{uj,<p) = y/g) 



_ , . bd 2 cosh 2 uj cos 2 p — a 2 2 
T>p(t) ^ (cosh uj — cos p) 



cosh uj cos 2 93 



K(uj ,uj ,p ,ip;T) 

u>(t")=u/' <?(*")=¥>" 
= /" Dw(t) 

w(t')=w' lp(t')=tp' 

im f T bd 2 cosh 2 uj cos 2 ip — a 

x exp 

f 00 dE 
J -00 2irh 

with the path integral K(uj" , u/, <//', y/; s") given by (a < 0) 



(cosh 2 uj — cos 2 p>)(u) 2 + ip 2 )dt 



2h Jo cosh uj cos 2 99 



iET/h / j // iw 11 1 11 1 ii\ 
1 I as K(uj ,uj ,p ,ip ; s ) , 







(3.64) 



w(s")=<y 



K(uj",uj , (p , ip ; s ) 



Vuj(s) 



Vip{s) 



w(0)=w / 



v(o)=v' 



x exp 



ft 7o 



771 



(w 2 + p z ) + £6(i 2 (cosli 2 a; - cos 2 p) + \a\E 



+ 



V cosh 2 a; cos 2 y 



dsj . 
(3.65) 



For a = we recover elliptic coordinates in IR 2 . This path integral has the form of the spheroidal- 
coordinate system. Actually, almost the same path integral was investigated in |24| p. 122] in 
connection with the elliptic-paraboloid coordinate system on the three-dimensional hyperboloid. 
Let us set: 



n 1 2m\a\E n 



2mbd 2 E 
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In 



we have derived the following heuristic path integral identity 

fi(t")= f i" v(t")=v" 

J T>fi(t) J Vv(t)d 2 (sinh 2 fi + sin 2 v) 



n{t>)=n> 



u(t')=u' 



x exp 



A 



2 1 



-d 2 (sinh 2 n + sin 2 v)(fi 2 + v 2 ) - . ., — — 

2 2md z sinh /i sin 2 v 



dt 



j A- — / ■ // ■ t. / • t. // ^ 2Z + 1 r(z — A + 1) / 

ay sin i/ sm z/' smh ul smh it" > — - / p ape 

f^ vr r(/ + A + l) Jo 



2j„ n -ihp 2 T/2m 



xps^*(cos z/;p 2 d 2 )ps z A (cos v" ;p 2 d 2 )S^^ *(cosh pdJiS^^^cosh fi";pd) 



(3.66) 



where 5™ ,ps™ are prolate spheroidal wavefunctions [SHI. By considering a proper analytic 
continuation and observing 



ps£(x;0) = P£{x) , (\x\ < 1) , 
we found the solution (a > 0, |t?| < 7r/2, q € K): 



(3.67) 



a(t")=a" &(?')=■&" 

Va(t) [ V-d(t) 



cosh 2 a — cos 2 d 
cosh 3 a cos 3 d 



Q(t")=Q" 



Vg{t) 



a{t>)=a> 

x exp 



#(t')=0' 



e(t')=^ 



im /■*" (cosh 2 a - cos 2 i?)(d 2 + ?? 2 ) + g 2 3ihT 
2h Jt' cosh 2 a cos 2 1? 8m 



Vcosha' cosh a" cos & cos 0" / —j^e"-e') 

JTR 27T 

/•°° Z" 00 (i/c /c sinh 7rA: 

x / dp sinh 717? / g — -5 — 1 

Jo JO (cosh 7TK + sinh 7175) 2 

x ^ip-i/2( etanha// ! iK ) 5 ip-i/2( etan ^ • 



-iST(p 2 +l)/2m 



e,e'=±l 



(3.68) 



Let us use 1)3.68(1 : Of course, the variable g is omitted, we use only the emerging parameter tz. 
The parameter A in (|3.66|) and (|3.65|) are the same up to the factor \a\. The main difference 
is in the parameters k and k, the latter being imaginary. Inserting in k the energy-spectrum 

l a l-^ = Im^P 2 + i) gi yes % = id^Jb(p 2 + |)/|a| = ip. Combining (|3.66|) and (|3.68() yields for the 
path integral (|3.65|) : 



G(uj", ui', ip" , ip'; E) = y cos </7 cos ip" 



dp sinh7rp 



dk k sinh tt k 



2m\a\ (P 2 3) ~ ^ ^° (cosh 2 7r/c + sinh 2 7rp) 2 



x s^ii/ 2 ( etanlia; "; -p)^_i/2( etanict; '; -p)p s ^-i/2( e ' sin ^ // ^ 2 )p s ifc-i/2( e/siri ^ / ;p 2 ) 



e.e'=±l 



(3.69) 
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The wave-functions have the form: 

VsinhvrpA; sinhvrA; ifc( i) , . 

cosh 7rA; + smh z irp ip i/z 



(3.70) 

Of course, the cases o = —1,6 = 1 simplify the formulas a little bit. For 6 = the spheroidal 
wave- functions give the limiting case Q3.67JI . therefore the solution of the elliptic-parabolic system 
on the two-dimensional hyperboloid emerges |24j . This completes the discussion on Dn- 

4 Darboux Space Dm 

The coordinate systems to be considered in the Darboux space -Dm are as follows: 

((it, u)-System) x = v + in, y = v — iu , (4-1) 
(Polar:) £ = gcosip, r] = gsimp , (g > 0, ip £ [0, 2tt]) , (4.2) 

(Parabolic:) £ = 2 e~ u/2 cos J rj = 2 e~ u/2 sin | , 



X = 


v + m, y = v - 




gcos ip, rj = 




2e-"/ 2 cos| 




, 4 


u = 




e 2 + r/ 2 ' 


e = 


d cosh a; cos <p, 


e = 


a — u 

_ . — + VJw, 




2yfjw 



2£ri 

v = arcsin — ^ , (£ € M, n > 0) , (4.3) 



(Elliptic:) £ = <i cosh u; cos 92, 77 = d sinh oj sin 99 , (oj > 0, 99 G [— tt, it]) , (4.4) 
(Hyperbolic:) < : ^— == + V / JTP. T] = - yfjw , ((J,, v > 0) . (4.5) 



For the line element we get (we also display, where the metric is rescaled in such a way that we 
set a = b = 1 ESI): 



ds 2 


= (ae 


(*+s/)/2 + 6e -(*+y)) dxdy 




((it, ^-Coordinates:) 


= e~ 2u 


(6 + ae")(dn 2 + dt; 2 ) = (e" u + e - 2u )(du 2 + dv 2 ) 


(4.6) 


(Polar:) 


= (a + 


\g 2 )(dg 2 + g 2 d V 2 ) = (l + \g 2 ){dg 2 + g 2 d^ 2 ), 


(4.7) 


(Parabolic:) 


= (a + 


Hi 2 + r? 2 ))(d£ 2 + dr, 2 ) = (1 + i(£ 2 + r? 2 ))(d^ 2 + drf) , 


(4.8) 


(Elliptic:) 


= (a + 


jd 2 (smh. 2 oj + cos 2 (£>))d 2 (sinh 2 a; + sin 2 ip)(du 2 + dip 2 ) , 


(4.9) 


(Hyperbolic:) 


= (a + 




(4.10) 



For the Gaussian curvature we find 

K = -- ^ -j. (4.11) 

For e.g. a = 1, b = we recover the two-dimensional flat space with the corresponding coordinate 
systems. To assure the positive definiteness of the metric (1.3), we can require a, b > 0. 

4.1 The Path Integral in (it, ^-Coordinates on Dm 

The classical Lagrangian and Hamiltonian are given by: 

777, b -\- (X I 

C(u,u,v,v) = —— ^7— (u 2 + v 2 ), H(u,p u ,v,p v ) = — b + aell {pl +pl) • (4.12) 
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The canonical momenta are given by 



Pu 



hid lae-" + 26e" 



-2« 



i \du 2 ae~ u + be~ 2u 
and for the quantum Hamiltonian we find 

h 2 1 , f& ;,2 



Pv 



h d 
i dv 



H 



2m ae~ u + be~ 2u \du 2 dv 2 J 



2m V fl e-« + te- 2 «(^ + 4 



1 



oe " + 6e 



-2u 



(4.13) 

(4.14) 
(4.15) 



2m y ae " + be 
Therefore we obtain for the path integral 
K(u , u , v , v ; 1 ) 

u(t")=u" v(t")=v" _ 

= J Vu{t) J Vv{t)(ae- U + be~ 2u )exp ^ J (ae~ u + b<T 2u )(u 2 + v 2 )dt 

u(t')=u' v(t')=v' 

/oo A TP poo 
^- e~ iET ^ / ds"K(u", v",v>; s") , (4.16) 
-oo 27Tft Jo 

with the time-transformed path integral K(s") given by (f(u) = (ae~ u + be~ 2u ) = ^fg) 



K(u , u , v , v ; s ) 

u(s")=u" v(s")=v" _ n 

J Vu(s) J Vv(s)expl~J* ^(u 2 + v 2 )+Eb(e- 2u + ^-e- u 



ds \ . (4.17) 



u(0)=u' v(0)=v' 

We observe that the path integral in the variable u is a path integral for the Morse potential 

V 2 h 2 



K ' 2m V 



-2x 



2a e 



with Vq = \/—2mbE/h and a = —a /2b; the Green's functions in u and v are given by [31] 



G u (u";u';£) 



mT{\ + y/-2m£/h + a^-2mbE/2bh) ^ u < +u »)/ 2 



xW 



hy/-2mbE T(l + 2y/-2m£/h) 
WSmbE 



a^-2mbE/2bh,V-2mS/h 



e~ u< M 



-aV-2mbE/2bh,V-2m£/h 



\/-8mbE 



-u > 



1 oo U(v"-v') 

Gv (v";v';£) = 4- £ 



2vr h 2 l 2 /2m-£ 

This gives for the Green's function in (u, v )-coordinates the solution (note v 7 —2m£/h — ► +1) 



(4.18) 
(4.19) 



G(u",u',v",v';E)= 

l=— oo 



e ii( w "-i/) mF ( i + i + a ^-2mbE/2bh) {u , +u „ )/2 
2vr " — 



aV-2mbE/2bh,l 



2 V=2mJE c _ u 



hV-2mbET(l + 2l) 

M- a ^-2mbE/2bh,l ' 



(4.20) 
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In order to extract the wave-functions we use the following representation 



exp[- (x + y) cot a]I 2 J ) (4.21) 



sin a \ sin a 



This relation can be derived by using an integral representation as given by Buchholz |jj p. 158]. 
Applying this yields by exploiting £ = h 2 l 2 /2m and evaluating the residuum at £7 = h 2 p 2 /2m: 
{uj = y / —2E/m, we set a = b = 1, and utilize the calculation of ^S] by inserting the path inte- 
gral solution of the radial harmonic oscillator in (|4.17f) together with an appropriate coordinate 
transformation) 



Jl(v"-v) 1 , d g / 8mE 



! — / f 

2vr TriJ SBl-g 

l = —00 ' > - 1 ' 

~4ia£ \/8m^ 



00 da 

exp 

o sinwa 



cr e + e " cot wa- 



ft 2 

(V^Ee- {u ' +u " )/r 



I 



Sm£ / h \ hsmtua 



e 



2^ 



E 



(u'+u")/2 



!=— oo 

r-oo e 7rp/2 dp |r(l + / + ip )|2 



X 



f 2^^f-«Wv( - ^e-«>. t/2 ,,(2 ip e-") . (4, 2 ) 



2m 

And we can read off the wave-functions 



pA ' V2^ V2^ r(i + 2Z) ip/2 -'V ; ' v ; 

respectively with (a, 6) re-inserted: 

# c z(u,u = -^= • ; ,( M //5 - 9) ( -2ipV&e~ u ) . 4.24 

P ' V 7 ^ V 7 ^ T(l + 2/) mp/Vb2,l\ ^ J ^ > 

Note that this evaluation is almost the same as in the path integral for the two-dimensional 
Coulomb potential [HI]- This concludes the discussion of the (u, i>)-system on -Dm. 

4.2 The Path Integral in Polar Coordinates on D m 

In the coordinates (g, (p) the Lagrangian and Hamiltonian take on the form 

1 1 ' 2 , 1 2 



The canonical momenta are given by 

ft / 9 6p 1 \ ft 9 , . „„. 
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Therefore the quantum Hamiltonian is given by: 

h 2 1 



H 



d 2 Id Id 2 

+ "7T- + 



2ma + jg 2 \dg 2 gdg g 2 dtp 2 



1 



1 



1 



1>,„\ a + ^\^ e+ ^ 



8mg 2 



(4.27) 
(4.28) 



and in this case we have an additional quantum potential oc h 2 . This gives for the path integral 
(/((?) = a + If? 2 = y/g) 

e (t")=g" <p(t")=<f" 
= J Vg(t) J Vp{t)(a + \g 2 )g 



e(t')=e' 



<p(t')=<p' 



xexp - 



o 



m 



b „2\-l 



-(a + f^ + ,V) + (a + V) S/;j£ . 2 



dt 



OO A fp POO 

^e-^/ ds"K(g",g'^",tp';s") , 
-oo JO 

with the time-transformed path integral K{s") given by 



(4.29) 



TS t I I II I II \ 

K{g ,g ,<p ,f,s ) 

e{s")= e " <p(s")=v" 
= J Vg(s)g J Vtp(s)exp 

e(o)= e ' v(o)=f' 



- ^-V) e{s " )=e " 



E 



e" 



Vg(s) exp 



E 

Z=— oo 



e(o)=e' 
moo 



h Jo 



Tfl , _2 2 • 2\ ~' /.■">. 



■(^ + ^V)+^(a + i^ 2 ) + 



8mg 2 



ds 



171 -.2 i T7! ^ ^2 fc 2 ^ 4 



+ E-g* -r 

2 4 2m£ 2 



ds" + -a£s" 

ft 



27r iftsinws 



77 exp 



— — {Q +Q ) cot uos + -aEs 



moog' g" 
\hsmujs" 



(4.30) 



{uo 2 = —Eb/2m), where I have separated off the <£>-path integration and in the last step in- 
serted the path integral solution for the radial harmonic oscillator |341 159j . We use the integral 
representation ^3 p. 729]: 



coth • 



2v 



exp 



tcoshx ) l2ii{t\/o-iQ-2 sinh x)dx 



r(i + /z-f) 



-M v ^( ai t)W v ^{a 2 t) 



t v / SIa 2 T(l + 2/i)' 

Therefore we obtain for the entire Green's function (rescaling b — ► 46 2 ) 



(4.31) 



E 

Z=— oo 



27T 7o ift sinks' 



• exp 



mu) ,2 „2, „ 1 „ 

——(g +g ) cot uos + -aEs 
zin h 



i ii ^ 
mug g 

ih sin to s" , 
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(substitution u = los" = hpbs" /m, E = h p /2m, and Wick-rotation) 



~ e iZ(^"-^') roo du 
/ ^ / CX P 

^— ' " , " r lo smhu 



2vr 

(=— oo 

(substitution sinh u = 1/ sinh u) 

oo p «(p"-V) /-OO / „\ LI/' 

= E - 

i=— oo 



If? + £ J c °tb w + lawp 



V sinhti 



2tt 



/■oo / v yu.p 

J du I coth — I exp 



i6P/ /2 . //2s , 

— (£> + g ) cosh u 



Iliibpg q sinh-u) 



(reinserting p = \j2mE / h) 



E 

l=— oo 



¥r[|(l + / - a^2^E/B/ti)} 



2vr6^/77 7 V 2£ 



r(i + o 



a^J-2mE/b/2h,± 



2mE , , , 



a^/-2mE/b/2h,^ 



In order to extract the wave-functions we use again the the representation (|4,21l) and obtain 

oo 

G(q",q',(p",v';E) = 



_oo e il( v "- v >) 



2tt 



(=— oo 

00 dpe^P |r[i(l + / + iap)]| 2 



2i:byJW h ^Jt-E r 2 (i + 
and the wave-functions have the form 



jy^M iap/v/2 (-ib P Q')M_ iap/v/2 (ibp g ") , (4.33) 



jl<p e np/2 r[i(l+/ + iap)] 



2vr v 7 ^^ 



11 



M iap / 2 ,i/2(-ibpQ) 



(4.34) 



Note that this system is very similar to the (u, v )-system, the principal difference being another 
counting in I and the replacement g = e~ u . 

4.3 The Path Integral in Parabolic Coordinates on D m 

The classical Lagrangian and Hamiltonian are given by 



£(Z,Z,T1,V) = y(«+i(e 2 +r/ 2 ))(e 2 +f ), m,Pi,ri,Pt) 



2ma + Ue + r] 2 ) 



(pI+p 2 v ) 



The canonical momenta are given by 



PC 



+ 



fee 



iV3£ o + K^ + r? 2 ) 
and for the quantum Hamiltonian we find 



hf d 



6?/ 



i a + f(£ 2 + r? 2 ) 



/r _1 



2m a + \{i 2 + r] 2 ) \d£ drf 



M+pI) 



a + \(i 2 + V 2 ) 



(4.35) 
(4.36) 

(4.37) 
(4.38) 
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Therefore we obtain for the path integral 



K(i , £ , rj , rf;T) 

$(i")=e" n(t")=v" 



V^t) I Pr ? (t)(a + |(£ 2 +7 ? 2 ))exp 



2h jo 



oo 



d£ 



OC 



oo 27m Jo 



(4.39) 



with the time-transformed path integral K{s") given by (the time-transformation function reads 
/(£,r / ) = (a + f(e 2 +r ? 2 )) = ^) 



r?( S ")='?" 



W,£W,r/; S ") = J J V V (s) 



x exp 



h Jo 



ds" + a-Es" \ . (4.40) 



The path integrals in £ and r\ are path integrals for the harmonic oscillator, with uJ 2 = —Eb/2m. 
The Green's function for the harmonic oscillator in the variable £ is given by [31] 



111 t(1-^)d , 



TTOJl 



h 2 \2 hw -^ +£ l huJ 



2muj 



£> )Di +£/tUJ 



2muo 



< > 



(4.41) 



and similarly for G„(rj" ,?/;£). The D v (z) are parabolic cylinder-functions |15[ p. 1064]. This 
gives (6 — ► 46 2 ) 



r" ,/ ...» ./. ,. M / io "' / + aE-S 



TTl 



h 2 b\l 2E \2 bh V 2E \2 bh V 2£ 



"' )t(-+ £ 



m 



XD 1 qE-e / m 
2" 1 " bft V 2B 



8mEb 2 



h 2 



£> D 1 ,E-£ / m 
/ 2 ' bft V 2B 



J 8mEb 2 



h 2 



XD_l S_ I m 
2 "T" 6ft V 2B 



4/ 8m£6 2 



ft 2 



2 T lllV 2B 



4/ 8m£6 2 



ft 2 



r?< . (4.42) 



Considering ()4.40|) . we observe that it has the same form as the path integral for the Coulomb 
potential in two dimensions in parabolic coordinates which was solved in [HI I23| I34| I27j . In the 
present case the Coulomb coupling a is replaced by aE/2 and the energy E by bE/A. Introducing 
the "Bohr"-radius a/3 = h 2 /ma = 2h 2 jraaE find for the solution of ()4.39|) as follows 

*:(£", £WW;T)=X; / d t I dP*-^ / ^9% ) W,r/)* i g\?rf) , (4-43) 



and J2 e ,o denotes the summation over even and odd states respectively; the functions (£,77) 
are given by 



4 DARBOUX SPACE D m 



27 



(e,o),. , e 



ir/2ap 



V2A 



7T- 2 



r \nk - + c))i 2 ^ i +i(1/afl+c) (e-^ 4 ^6^ (0) 



2^P 



-|-i(i/a B +C) 



|r(| - i(l/a fl + C))| 2 ^j + , (1/afl+c) (e-W 4 ^e)^j_, (1/afl+c) 



;e- i7r / 4 ^r?) 



2 



which are <5-normalized according to |51j 



(4.44) 



(4.45) 



and Q is the parabolic separation constant. The functions E„ (z) and E„\z) are even and odd 
parabolic cylinder functions in the variable z, respectively ,4: 



" 1 2 2 2 



2\ -1/4 



2 
2 



(4.46) 



iFi(a; 6; z) is the confluent hyper geometric function ^3 p. 1057], and 7W X)M (z) = M Xtfl (z)/T(l + 
2/i). Note the relation 

~El°\z) e£\z) 



DJz) = 2 V ' 2 



rfe) r(-|) 



This concludes the discussion. 



(4.47) 



4.4 The Path Integral in Elliptic Coordinates on D m 

The classical Lagrangian and Hamiltonian are given by 



m 



C(cv,cb,cp,cp) = ~^d 2 (a + fcr(sinh 2 u; + cos 2 (/?))(sinh 2 u + sin 2 cp)(u + <p ) , (4.48) 



1 



P 2 + P% 



2m d 2 (a + |c? 2 (sinh 2 u + cos 2 99))(sinh 2 a; + sin 2 cp) 
The canonical momenta have the form 



Py 



+ 



frd 2 sinh lj cosh a; 



+ 



sinh lo cosh a; 



i \<9w 4a + 6d 2 (sinh 2 a; + cos 2 cp) sinh 2 a; + sin 2 cp 
h ( d bd 2 sin cp cos 



+ 



sin cp cos 



i \dcp 4o + 5c? 2 (sinh w + cos 2 sinh u + sin cp 



(4.49) 

(4.50) 
(4.51) 



and for the quantum Hamiltonian we find (we use yfg = d 2 (a + |c? 2 (sinh 2 u> + cos 2 <y9))(sinh 2 u> + 
sin 2 cp)) 



H 



h 2 1 f d 2 8 



]_J_ ( 2 , 2xJ_ 

2m^g\dcj 2 ' 2m ^ ^ 



(4.52) 
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This give for the path integral 



w(t")=w" 



TS t II I II I rr\ 

K(u ,u ,tp ,ip;T) = 

imd 2 rT 



f(t")=f" 
Vto(t) J Vy{t)Jg 

tp(t')=<p' 



x cxp 



2h 



[ (a + |ii 2 (sinh 2 a; + cos 2 </?))(sinh 2 w + sin 2 ip)(io 2 + 2 )di 
Jo 



— e~ iET / h l"ds"K(u" 



-no 2nh 



i ii i ii\ 

,uj ,<p ,ip;s ) 



(4.53) 



(time-transformation function (f(u,<p) = y/g) with the path integral K(s") given by 



w{s")=u" 



<p{s")=v" 



Vuj(s) 



V<p(a) 



<p(0)=<p' 



x exp < - 

ri Jo 



— (lo 2 +ip 2 ) + E(a+ |d 2 (sinh 2 oj + cos 2 v?))(sinh 2 uj + sin 2 ip) 



ds } . (4.54) 



For this kind of problem we do not have any theory of special functions to treat with and we 
leave this intractable path integral as it stands. 6 = gives the elliptic system in IR 2 |24j . 



4.5 The Path Integral in Hyperbolic Coordinates on D m 

The classical Lagrangian and Hamiltonian have the form 



m 



A 2 2 



fl 2 V 2 



v 2 pI - v 2 pI 



2m ( a + 1(^-2,))^ + ^) 



The canonical momentum operators are given by 



Pn 



Pv 



d 1 

+ + 



+ 



dfi 2\ n + v a + |(^_jy) 



d 1 

+ + 



1 



_dfi 2\ n + v a -)-|(^— jy) v 
and the quantum Hamiltonian has the form 



H 



1 



2m (a+bfr-vyQi + v) 



ft 



1 

2m 



■ / d 2 _ ld_ 
\d/j, 2 [idpu 



d 2 1 d 
dv 2 v dv 



(o + f (m - v))(ji + v) J (a + Un - v))(ji + v) 



{a + U/j- u))(ji + v) J {a + §(//- u))(fi + v) 



(4.55) 
(4.56) 

(4.57) 
(4.58) 

(4.59) 



(4.60) 
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Note that from each coordinate there comes a quantum potential AV^ = h 2 /8m, however they 
are canceling each other due to the minus-sign in the metric in v. The path integral has the form 



n(t")=»" 



v(t")=v" 



K{n ,fi,u ,v;T) 



Vv(t) 



v{t')=v' 

x exp 



[IV 



dE 



-iET/h 



vm f ( u v \ 

-j Q (a + l(,-,))(, + u)^-- 2 y t 

ds"K(fi",v',is",v';s") , 



(4.61) 



with the time-transformation function f(fx, u) = (a + — + v\ and the path integral 

K(s") is given by 



x cxp 





u(s")= 


/ 




1 


M(0)=m' 




v{0)=v' 


if" 


m ( ft 2 


--) 


h Jo 


~2W 


V 2 ) 



+ aE(fi + v) + -bE(fi 2 - v 2 ) 



ds } . (4.62) 



Each of the last path integrals has a similar form as the one discussed in [TS|. One can perform 
the transformation /i = e x , v = e y . This gives e.g. in the variable [i in the short-time element 



2eft/xCj- 1 )/iO') ~~ 2eh 



™(Ay^) 2 + ^{Ay^f = — {Ay^f - ™ 



24eft 



2eh 



8m 



(4.63) 



where use has been of the identity (Ay^) 4 =3('^) 2 , which is, of course, valid only in the sense 
of fluctuating paths. Note that a quantum potential AV = — h 2 /8m appears. However, the same 
potential arises in the transformation v = e y , but with the opposite sign, and both contributions 
cancel. Therefore the path-integration in (//, u) now gives a path- integration in (x, y) of the 
following form 



x(s")=x" 

K(x",x',y",y';s") = J Vx{s) 

x(0)=x' 



V{s")=y" 



Vy{s) 



y(0)=y' 



expi- I" \-(x 2 -y 2 ) + E{%e 2x + ae x )-E(%e 2y -ae y ) 
\h Jo L 2 



ds } , (4.64) 



and we find the product of two path integrals for the Morse potential. Applying the same 
techniques as in ^f)j we obtain for the Green's function //, u", v'\ E) (with the abbreviations 
<jj = \J —bE/m and rescaling b — ► 26): 

G(^^u,u;E) = —Jd£^-^j 
ro ° da 



o smua 



cxp 



4ai£' ^-2mE /2 „2, , 
a H (/i + \x jcotua 



/8m£/h 



2V-2mEfi'fi' 
ifi, singer 
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r°° dr 

x / exp 

o sinwr 



AaiE ^-2mE , 2 //2 , , 
rH (z/ +i/ jcotwr 



J 



/ 2^-2mEv'v' \ 
\ iftsinwT J 

(4.65) 



Note that we have due to the minus-sign in u in the metric an additional minus-sign in £ in the 
Green's function in the variable v. Using now the same integral formula form Ref.Jl] as before, 
we get (simplifying a = b = 1) 

G(n',(i',u",i/;E) 

= -Lf- f f°d<7 /"dr I" d Pl I" dp2e ^/H+2U, Pl )a-i(4E/H-2^p 2 )r 

2lT\ h z J H 2 Jo Jo J-oo J-oo 

e n(pi+P2) |r(l + j + ipi )|2 | r( l + I + ip2 )|2 

x /iyvv // r 2 (i + 2£) r 2 (i + 2f) 

xl. * (-2±^L A M . g I 2^^// 



v- 


-2mE 


ft 


V- 


-2mE 



* M tot M_ ip2 g [ 2^-^,'- 1 ( LOG, 



(£ = V 8m£ /h) . Performing the a— and r-integrations gives poles for p\ and p2 yielding E = 
h p\/2m = h 2 p2/2m, as it should be, the e.g. ^-integration evaluates the residuum and we 
obtain: 

AdA f°° e 2np dp 



nt > > » > t?\ f AdA f°° e 
J ji'^'u'u" Jo \ p 



2m ^ 



|r(HA + i P )| 4 



4^(1+2A) M ^( " 2 W 2 ) M -i P ,A(2i W /,2 )M ip , A ( - 2ipu' 2 ) M_ w (2ip/ 



(4.67) 



which gives the normalized wave-functions: 



This concludes the discussion on Dm. 

5 Darboux Space Djy 

Finally, we consider the Darboux space Diy. We have the coordinate systems: 

((n, w)-Coordinates:) x = v + in, y = v — in , (u € (0, f ), v £ M) , (5.1) 

(Equidistant:) u = arctan(e°), n = ^ , (aeR,|3eR) , (5.2) 

(Horospherical:) x = log ^— — , y = log ^— ^ — , (/J,, v > 0) , (5-3) 

(Elliptic:) u = d cosh w cos 99, ^ = d sinh w sin 93 , (u; > 0, ip E (0, ^)) . (5.4) 
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We obtain the following forms of the line-element (a > 26, a± = (a ± 2b)/ 4): 

b Ux-y)/2 + e (i/-x)/2i + a &[es-v + e^l + a , , 

as = — — — k— dxdy = k— dxdy 

(eOs-sO/2 _ e^-^)/ 2 ) 2 (e^-f - ef- x ) 

a \ /~i t \ 26cos« + a /1 ? , ?. 
{(u, v)-Coordmates:J = ;— ^ (du + dv ) 



4 sin 2 u 
a+ 



sin 2 u cos 2 u 



(d« 2 + dv 2 ) (rescaling § ->■ u, § ->■ t> :) , (5.5) 



, . a — 26tanha /i , , , , .,. 
(Equidistant:) = (da 2 + cosh 2 ad/3 2 ) , (5.6) 



(Horospherical:) = ^— H j J (d/x + di/ ) , (5-7) 

(Elliptic:) = ( — o 1 — o— ) (cosh 2 o;-cos 2 ^)(dc t ; 2 + d( / 9 2 ) , 

V cosh u> cos 2 (f sinh uj sin <p / 

^ + ^ + ^fc " ^ «^ + V) • (5.8) 



sin </? cos 2 (p sinh u; cosh w 

We observe that the diagonal term in the metric corresponds to a Poschl-Teller potential, a 
Rosen-Morse potential, an inverse-square radial potential, and a Poschl-Teller and modified 
Poschl-Teller, respectively. In particular, the (u, v) and the equidistant systems are the same, 
they just differ in the parameterization. The limiting cases a = 2b and 6 = give particular 
cases for the metric on the two-dimensional hyperboloid. 



Table 2: Limiting Cases of Coordinate Systems on Djy 



Metric: 


Dtv 


A< 2 ) (a = 2b) 


A( 2 ) (6 = 0) 


2bcosu + a (du 2 + dv 2 ) 
4 sirr u 


(u, v)-Coordinates 


Equidistant 


Equidistant 


a-2&tenh Q;(da 2 + cogh 2 ad/?2) 


Equidistant 


Equidistant 


Equidistant 




(- + ^)(V + d, 2) 


Horospherical 


Horicyclic 


Semi-circular parabolic 




( a - a + \ 
\ cosh 2 uj cos 2 ip sinh 2 uj sin 2 ip J 
< (cosh 2 uj - cos 2 ip){duj 2 + dip 2 ) 


Elliptic 


Elliptic-Parabolic 


Hyperbolic-parabolic 



For the Gaussian curvature we obtain e.g. in the (u, v )-system 

2 2 

a± a_ a_a + 

1 1 A 

j{ = sin 6 u cos 6 u sin 4 u cos 4 u (5 9) 

' a + ] a - x:: 
sin 2 u cos 2 u 

The case a = 26 yields a_ = 0, and 

K = -\ , (5.10) 



5 DARBOUX SPACE D w 



32 



and therefore again a space of constant curvature, the hyperboloid A^ 2 ) is given for b > 0. We 
have set the sign in the metric (1.4) in such a way that from a = 2b > the hyperboloid A^ 2 ) 
emerges. We could also choose the metric (1.4) with the opposite sign, then a = 2b < would 
give the same result. In the following it is understood that we make this restriction of positive 
definiteness of the metric and we do not dwell into the problem of continuation into non-positive 
definiteness. Because the (it, i>)-coordinates and the equidistant system are the same, we do not 
evaluate the path integral in the equidistant system. In the following we assume a+ > and 
a i > a_. 



5.1 The Path Integral in (u, ^-Coordinates Coordinates on D\y 

The classical Lagrangian and Hamiltonian are given by 



C(u, u, v, v) 
H(u,p u ,v,p v ) 



m2bcos2u + a, 9 9 . 

-(u 2 + v 2 ) , 



1 



sin 2u 
sin 2 2u 



2m 2b cos 2u + a 

The canonical momentum operators are given by 

ft ( d 26sin2n 

Pu = - 5- + 2 cot 2u - — — ■ — 

1 you lb cos 2u + a 

and the Hamiltonian operator has the form 

^2 



(pl +pI) 



ft d 
1 ov 



H 



K A sin 2 2u f d 2 d 2 \ 
2m 2b cos 2u + a \ du 2 dv 2 J 
I sin2u , 2 2\ sin2u 



2m V26COS 2u + a 
We obtain for the path integral 

K(u , u , v , v ; 1 ) 

u(t")=u" v(t")=v" 

= J Vu(t) J Vv(t) 

u(t')=u' v(t')=v' 



(Pu + Pv 



\/26cos 2u + a 



(5.11) 
(5.12) 

(5.13) 

(5.14) 
(5.15) 



a + 
sin 2 u 



+ 



cos^ u 



exp 



im 
2ft jo 



sin 2 u 



+ 



cos 2 u 



J (u 2 + v 2 )dt 



(5.16) 



This formulation in (it, i;)-coordinates is unconvenient. Without the term a+/ sin 2 it ()5.16|) would 
be identical with the path integral in the hyperbolic strip which is actually a reformula- 
tion of equidistant coordinates on the two-dimensional hyperboloid. Following we perform 
the coordinate transformation cosu = tanh-r. Further, we separate off the D-path integra- 
tion, and additionally we make a time-transformation with the time-transformation function 
/ = a + /sin 2 n + a_/cos 2 it. Due to the coordinate transformation cos it = tanhr additional 
quantum terms appear according to 



im 



exp 



2eft cos it^" 1 ) cos uCj) 



: exp 



im 

2A 



(At 



U)\ 2 



8m 



1 + 



1 



cosh 2 r( J ) 



(5.17) 
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We get for the path integral (|5.16|) 

js- { II I II I rri\ 

K{u ,u ,v ,v ; 1 ) - 



oo A TP , roa 

-oo 2ttH Jo 



cxp 



TSt II I II I ll\ 

K{t ,t ,v ,v;s ) , 

(5.18) 



and the time-transformed path integral K(s") is given by 

e ik v (v"-v') 



K(t",t',v",v';s")-- 

t{s")=t" 

Vt(s) exp 



dk v - 



r(0)=r' 



2tt 



m 



-(coshr' coshr") x l 2 



a_E h 2 k 2 v + \ \ ' 
1 as 



— f -\ , ? - 

h Jo \ 2 sinh 2 r 2m cosh 2 r 



(5.19) 



The special case o_ = gives the wave-functions on the two-dimensional hyperboloid in equidis- 
tant coordinates, respectively on the hyperbolic strip. Inserting the solution for the modified 
Poschl-Teller potential and evaluating the Green's function on the cut yields for the path inte- 
gral solution on D iy as follows (K(u" ,u' ,v" ,v'; T) = K(t", t', v", v'; T)): 

/OO POO 
dkj dp^ TE ^ p ^r''y)%^{T\v') , (5.20) 
-oo JO 

%, kv (r,v) = el ^ V ^ ik \r) , (5.21) 

\J lTTa + cosn r 



E n 



(5.22) 



where rj 2 = 4 — 2ma e E/h 2 and the wave-functions for the modified Poschl-Teller functions as 
given in the Appendix B. Re-inserting cos u = tanh r gives the solution in terms of the variable u. 

5.2 The Path Integral in Horospherical Coordinates on D IV 

The classical Lagrangian and Hamiltonian are given by 



C((j,,(i,v, v) 



m ( a+ a 



2\u 



i ^v\pj + pi) 

2m a + fi 2 + a_z/ 2 

For the canonical momentum operators we have 

h / d v 2 a_l[i 
i \d[i a + n 2 + CL-i 
h ( d fi 2 a+/v 



Pi, 



Vv 



i \ dv a+p 2 + a^u 2 



and for the quantum Hamiltonian we get 

h 2 



H 



V 2 v 2 



2m a+n 2 



d 2 (¥_ 

dp? dv 2 



1 



[i 2 i> 2 



2m y a+yU 2 + a_ v 



2 (pJ + Pi 



p?v 2 



a + /i 2 + a-V 2 



(5.23) 
(5.24) 

(5.25) 
(5.26) 

(5.27) 
(5.28) 
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For the path integral we obtain (time-transformation function f(fi, v) = a+ / fi 2 + a_ / v 2 = ^J~g) 

*:(//, //yv ; r) 



X>//(i) 



M(f)=M' 

x exp 

roc dE 



1171 



v{t')=v' 
T 



i a + a - 



U - C/ -lET/h I a I' tsi ii i n i ii\ 
— e 7 / ds K(n ,fj,,u ,u;s ) 

and the time-transformed path integral K(s") is given by 



(5.29) 



K(//Vy>V) 

H(s")=/J." v(s")=u" 



m 



m(o)=m' 



1/(0) = !/' 



ds 



(5.30) 



These two path integrals can be solved by means of the solution for the inverse-square ra- 
dial potential, by following the approach of |2D for the semi-circular-parabolic system on the 
two-dimensional hyperboloid. We insert the path integral solution for the inverse-square radial 
potential (kernel and Green's function) and obtain 



G(n ,n,v ,v;E) 
4m 2 



h 3 



ds K [fj, , fj, ,v ,v;s ) 



m 



00 ds" r d£ 



o s" 



j£s"/h 



x exp 



2\hs 



2ni 



vmv'v" 



hs 



ii I A 



I have used the abbreviations (assuming a+ > a_) 



A 



1 2mE 



n 2 



-a+, y 



1 2mE 



~2 



r> 2 



a- , P = — [p + - 

a + 



h 



1\ 1 



(5.31) 



(5.32) 



For the /U-dependent part one uses the dispersion relation ()3.52j) together with the integral rep- 
resentation [13 p. 725] 



r e - X /2-( Z ^)/2 XK J ZW_\dx = 2Ku{z)KuH 
Jo \ X J X 



(5.33) 



In order to analyze the ^-dependent part, we first rewrite the ^-dependent part of the Green's 
function according to 



17T 



(5.34) 
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and then the wavefunctions on the cut are then obtained by using 

y k A»")n, P (»') * [^-ip(V)^Si ) (V)-^(V)< ) (V) 

= ^nhnpH^(kfj,")H%(kfj!) , (5.35) 

(A = — \p) and the relation of the Hankel-function, i.e., H^\z) = i[e~ 1U7T J v {z) — J- V (z)}/ sin7rzA 
Therefore with £ = h 2 K,/2m: 



G( M WV;£) 



2tt 2 



00 dp p sinh 717? 



ti 2 



2ma+ 



(P 2 + |) " ^ 



Kip{sfKv')Ki p (yfKv') 



+ <-> I/) 



87T J JO 



dpp sinh 7rp sinh 7rp 

2^r(P 2 + l)-^ 



K- v (^i/)K- v (Vlii/)H%(^^)H%(^^) + {p~v) 



(5.36) 



I have taken into account that the final result must be symmetrical in // and f which also accounts 



for the additional factor \. The wave- functions thus have the form 



\J p sinh up sinh 7rp K\ v (\J~k v)H^\~{\J~k p) + <-> i/) 



(5.37) 



Note that a_ = gives the horicyclic path integral on the two-dimensional hyperboloid. Then 
A = ±rj, and the corresponding Bessel- functions give exponentials, therefore we obtain the wave- 
functions of the horicyclic system. This result completes the calculation. 

5.3 The Path Integral in Elliptic Coordinates on D\y 

The classical Lagrangian and Hamiltonian are given by 



C(u>,u,<p,<p) = 7j" ( 



, — + . , 2 ° + . 2 ) (cosh 2 W - COS 2 (^)(^ 2 + 2 ) , 

I \cosh ujcos z ip sinh wsm <£>/ 



H{u,Pw,ip,p<p) = — -2 5 h— -o ; 2 ) T2 

^im V cosh (j cos^ </? sinh w sin ip J cosh w — cos^ (p 



For the canonical momentum operators we get 

h 



d i /9 / a_ tanh u> a+ coth a; 
— + <r 1 / 2 l s s 

dip 



duj^^ V sinh 2 w cosh 2 u 
d ^ _ 1 y 2 tan (/? a+cot</? 



sin 2 </? 



cos 2 (/j 



(5.38) 
(5.39) 

(5.40) 
(5.41) 
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the Hamiltonian operator is given by 



H = 



+ 



d 2 d 2 
+ 



2m Vcosh 2 to cos 2 <p sinh 2 oj sin 2 <pj cosh 2 uj — cos 2 <p \duj 2 dip 2 

— — ( 2 2 \ — 
2m^g^ +P ^^g ' 



(5.42) 
(5.43) 



For the path integral in elliptic coordinates we obtain (note that for a_ = we get the path 
integral in elliptic-parabolic coordinates on the two-dimensional hyperboloid) 



u>{t")=u," 



jy ( II I II I m\ 

K(u> , u , <p ,cp;T) 



x exp 



mi 



T 



u>(f)=w' 



+ 



Vu{t) J V<p{t)yfg 



2h Jo Vshrc^ cos 2 (p sinh uj cosh uj 



\ (w 2 + ip 2 )dt 



(5.44) 



In order to obtain a convenient form to evaluate (|5.44|) we perform the coordinate transformation 
cos if = tanhr in the same way as in (|5.16|) . Performing the time-transformation with f(uj,(p) = 
yjg, the time-transformed path integral K{s") is given by 



K(u ,u ,t ,t ;T) 



oo A TP poo 

— e- iET / h ds" 
2ttH 



oo 







exp 



a+E 



8m 



K{u" V ',t",t';s") 



and the time-transformed path integral K(s") is given by 

uj(s")=uj" t(s")=t" 

K(lu", uj' , r" , t'\ s") = J Vui(s) J 2?r(s)coshr 



(5.45) 



w(0)=w' 



t(0)=t' 



x exp 



h Jo 



m , o o 9, a+E 1 / a,E a-E h 

— (r 2 + cosh 2 tuj 2 ) H iy- H 9— — ±_ 2 ^ — 

2 sinh t cosh r Vsinh u cosh w 8m 



ds M5.46) 



The w-path integration is separated by means of a modified Poschl-Teller potential with rj 2 = 
j + 2mEa+/h 2 , v 2 = -? + 2mEa_/h 2 and the r-path integration is the same as in (|5.19|) . This 
gives the solution: 

/oo roo 
dk v / dpe- iTE ^ h % ;k (u',r')^ Ptk (u;",T") , (5.47) 
-oo JO 

(5.48) 
(5.49) 



* p , fc (w,T) = (coshr)- 1 ^*^)^)^)^) 



2maj 



and we can re-insert cost/? = tanh-r. This concludes the discussion on the Darboux space -Drv- 



6 SUMMARY AND DISCUSSION 



37 



6 Summary and Discussion 

In this paper I have discussed path integration on Darboux Spaces, labeled by D\ to -Drv- We set 
up the metrics following Kalnins et al. |38| I39j . In each of these spaces the Schrodinger equation, 
respectively the path integral were separable in several coordinate systems. Our results are 
summarized in Table 03 

In the Darboux space Di we found the solutions in the (u,v)- and rotated (u, ^-coordinates. 
A closed expression for the Green's functions could be found, however, the wave-function are only 
implicitly known because of the boundary conditions which must be imposed on the system. 
A solution in displaced parabolic coordinates was not possible due to its quartic anharmonic 
structure of the transformed dynamics. 

In the Darboux space D\\ \ succeeded in writing down the Green functions and the cor- 
responding expansions into the wave-functions. I found the expressions in the four coordinate 
systems, i.e. (u, u)-coordinates, polar, parabolic and elliptic coordinates. Several path integral 
techniques from former studies were indispensable tools in the considerations. We stressed the 
limiting case of the hyperbolic plane, i.e. the two-dimensional hyperboloid. The Green's function 
and the wave-functions were determined in the soluble systems with the general feature that the 
energy-spectrum has the form: E = 2m\ a \ (p 2 + i)- ^he additional zero-point energy Eq = g ?, 
is a characteristic feature the quantum motion on spaces with negative curvature |33| . 

In the Darboux space -Dm I found the solutions in the (u, «)-system, the closely related 
polar system, the (u, v )-system, and the hyperbolic coordinate system. In elliptic coordinates 
no solution could be found. The Green's function and the wave-functions were determined in 
the soluble systems with the general feature that the energy-spectrum has the form: E = 
which is different in its zero-point valued form D\\. 

In the Darboux space Drv we found solutions in (u, v )-coordinates, horospherical, and elliptic 
coordinates. Here also the limiting case to the two-dimensional hyperboloid was shortly men- 
tioned. The Green's functions and the wave-functions were calculated in the separable coordinate 
system. The energy-spectrum has the form: E = 2 ma + (P 2 + i)' similarly as on D\\. 

We were able to solve the various path integral representations, because we have now to 
our disposal not only the basic path integrals for the harmonic oscillator, the linear oscillator, 
the radial harmonic oscillator, and the modified Pbschl-Teller Potential, but also path integral 
identities derived from path integration on harmonic spaces like the elliptic and spheroidal path 
integral representations with its more complicated special functions |241 1261 134j . This includes 
also numerous transformation techniques to find a particular solution based on one of the basic 
solutions. Various Green's function analysis techniques can be applied to find not only an 
expression for the Green's function but also for the wave-functions and the energy spectrum. 

The present study continues the analysis of path integrals on curved space [21] with the 
simple case of the two-dimensional Euclidean space with its four separating coordinate systems 
(Cartesian, polar, elliptic and parabolic) up to the complicated case of the three-dimensional 
hyperboloid with its 34 separating coordinate systems. 

In our papers [27j-[3Ul we have studied super-integrable potentials on spaces of constant 
curvature, i.e. flat space [27] . spheres [2SJ and two and three-dimensional hyperboloids [271 05] . 
In the Euclidean flat spaces IR 2 and IR 3 a complete list was given, and were called Smorodinski- 
Winternitz potentials [HJ- We have extended this study by introducing corresponding potentials 
on spaces with (non-zero) constant curvature, i.e. on spheres and hyperboloids. Further studies 
along these lines for superintegrability on spaces with constant curvature were given by Kalnins 
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Space and 
Coordinate System 


Solution in terms of the wave-functions 


Di 




(u, u)-Coordinates 
Rotated (u, v)-Coordinates 
Displaced parabolic 


Product of Airy functions 
Product of Airy functions 
no solution 


D n 




(it, i^-Coordmates 
Polar 
Parabolic 
Elliptic 


Exponential times K-Besscl function 
Legendre times K-Bessel function 
Product of W-Whittaker functions 
Spheroidal wave-functions 


Din 




(it, i>)-Coordinates 

Polar 

Parabolic 

Elliptic 

Hyperbolic 


Exponential times M-Whittaker functions 
Exponential times M-Whittaker functions 
Product of parabolic cylinder functions 
No solution 

Product of M-Whittaker functions 


D IV 




(u, u)-Coordinates 
Equidistant 
Horosphcrical 
Elliptic 


Exponential times Legendre function 
Exponential times Legendre function 
Product of K- and i/^-Bessel functions 
Product of Legendre functions 



et al. 41 on the complex 2-sphere (five coordinate systems which separate the Laplace-Beltrami 
equation), on the complex Euclidean space £"2,(7 H2] ( s i x coordinate systems which separate 
the Laplace-Beltrami equation), in IR 2 and on the two-dimensional sphere (with emphasis on 
the polynomial solutions of the superintegrable potentials) 43 , and on the two-dimensional 
hyperboloid |441 145j . In the latter also two potentials were studied which have until-then not 
been considered. The focus in those studies were of course on the harmonic oscillator (with 
its deformations and generalizations) and the Coulomb potential. As it turns, out in all those 
space an harmonic oscillator and a Coulomb potential could be defined and solved in various 
coordinate representations. In particular, the three-dimensional Coulomb potential problem 
separates in spherical, conical, parabolic, and prolate spheroidal coordinates. These feature 
translated also into the three-dimensional sphere and the three-dimensional hyperboloid. This 
particular feature of the Coulomb system has its origin in its super-integrability, i.e., beside the 
energy and the angular momentum conservation we have an additional conserved quantity, the 
Lenz-Runge vector. 
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Therefore we have explicitly shown that path integral calculations are not only possible in 
flat space (with several potential problems), or in spaces with non- vanishing constant curvature, 
but is also applicable in spaces of non-constant curvature. 

The most serious drawback of the path integral method in comparison to the operator method 
is that in the operator method we can investigate the more complicated parametric coordinate 
systems in terms of Lame-polynomials. For this kind of coordinate systems a path integral 
approach exists for the spheroidal wave-functions (elliptic wave-functions in 1R 2 and spheroidal 
wave- functions in IR 3 ) based on the theory of Meixner and Schafke [S3], and for the three- 
dimensional sphere |26j . 

It is therefore quite naturally the raise the question of super-integrable system in Darboux 
spaces, in fact one of the intentions of |38l I39j . And indeed, analogies of an oscillator and a 
Coulomb potential can be found. However, the freedom of choice of free parameters seems some- 
what limited in comparison with the spaces of constant curvature. This can be understood by 
the feature of the Darboux spaces that the corresponding metric includes already a complicated 
"potential" -term, i.e. the metric almost equals a superintegrable potential in 1R 2 . The time- 
transformation function is in almost all cases equals to yfg which is most obvious in the case of 
D iv- These issues will be discussed in more detail in a future publication |31j . 
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A Formulation of the Path Integral in Curved Spaces 

In order to set up our notation for path integrals on curved manifolds we proceed in a canonical 
way. To avoid unnecessary overlap with our Table of Path Integrals [31] I gi ve i n t ne following 
only the essential information required for the path integral representation on curved spaces. For 
more details concerning ordering prescriptions, transformation techniques, perturbation expan- 
sions, point interactions, and boundary conditions I refer to [51], where also listings of the appli- 
cation of Basic Path Integrals will be presented. In the following q denote some D-dimensional 
coordinates. We start by considering the classical Lagrangian corresponding to the line element 
ds 2 = g ao dq a dq b of the classical motion in some D-dimensional Riemannian space 

£«(q,q) = J (^) 2 " V(q) = y^(q)<?y - V(q) . (A.l) 
The quantum Hamiltonian is constructed by means of the Laplace-Beltrami operator 

H _ _|L Alb + y(q) _ _|_ J__|_^_|_ + (A . 2) 

as a definition of the quantum theory on a curved space. Here are g = det (gab) and (g ab ) = 
(g a b) ■ The scalar product for wavefunctions on the manifold reads (f,g) = J dq^/gf*(q)g(q), 
and the momentum operators which are hermitian with respect to this scalar product are given 

^ v - + r (A3) 
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In terms of the momentum operators ()A.3|) we can rewrite H by using a product according to 
9ab = h ac h cb |M]- Then we obtain for the Hamiltonian (|A.2|) (PF - Product- Form) 

H = -^Alb + y(q) = l-h ac p aPb h cb + AV PF (q) + V(q) , (A.4) 



and for the path integral 
K(q",q';T) 

q(i")=q" 



j V PF q(t) y/g(q) exp j ^ J 
q(t')=q' 

^ m ^D/2N-1 

k=l 



" i- 

m 



2 Mq)Mq)?V - ^(q) - AV PF (q) 



df 



1 . (A.5) 



f . N r 

ex P \{ E ^M<lj)Mqj-i)A<#AgJ - eF( qj ) - eAVMqj) 
I j=i 



AVpf denotes the well-defined quantum potential 

AV PF (cD = ^ [ 5 afc r a r 6 + 2(g ab r b ), b + <f 6 >o6 ] + ^ (2h ac h bc >ab - h ac , a h bc , b - h ac , b h bc >a ) (A.6) 

arising from the specific lattice formulation (|A.5|) of the path integral or the ordering prescription 
for position and momentum operators in the quantum Hamiltonian, respectively. We have used 
the abbreviations e = (t" - t')/N = T/N, Aq,, = q., - qj_i, q., = q(t' + je) (tj = t' + ej, j = 
0, . . . , N) and we interpret the limit N — > oo as equivalent to e — > 0, T fixed. The lattice 
representation can be obtained by exploiting the composition law of the time-evolution operator 
U = exp(—iHT/h), respectively its semi-group property. 

Note that the first summand on AV corresponds to the quantum potential of the Weyl- 
ordered Hamiltonian, respectively a mid-point prescription of the path integral. Note also that 
in the case that the metric tensor is diagonal to the unit tensor, i.e. (g ab = f 2 5 ab ) we obtain 

This gives the important special case that for D = 2: AV = 0, a property which is quite useful 
for the considered two-dimensional Darboux spaces. 

The path integral representation (|A.5|) is not explicitly evaluable in many cases, in particu- 
lar if explicitly coordinate-dependent metric terms are present, or potentials like the Coulomb 
potential. Here the so-called "time transformation" comes into play which leads in combination 
with "coordinate transformation" to general "space-time transformations" (also "Duru-Kleinert 
transformation" [7J [HI EHj i n path integrals. The time transformation is implemented by 
introducing a new "pseudo-time" s" . In order to do this, one first makes use of the operator 
identity (one-dimensional case) 

' fr(x,t)———±———f l {x,t) , (A.8) 



H-E J " ' Mx,t)(H - E)f r (x,t)' 
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where H is the Hamiltonian corresponding to the path integral K(t",t'), and fi, r ( x ,t) are func- 
tions in q and t, multiplying from the left or from the right, respectively, onto the operator 
(H — E)^ 1 . Secondly, one introduces a new pseudo-time s" and assumes that the constraint 



dsMF(q(s), a)) ■ f r (F(q(s), s)) = T = t" - t' 



has for all admissible paths a unique solution s" > given by 



dt 



v Mx,t)f r (x,t) J t , F' 2 (q{s),s) 



ds 



(A.9) 



(A.10) 



Here one has made the choice fi(F(q(s), s)) = f r (F(q(s),s)) = F' (q(s), s)) in order that in the 
final result the metric coefficient in the kinetic energy term is equal to one. A convenient way 
to derive the corresponding transformation formulae uses the energy dependent Green's function 
G(E) of the kernel K{T) defined by 



G{q\q'-E) 





1 








H-E-ie 


<> 





A = lj™ dTe^ E+ie ^ h K(q", q'; T) . (A.ll) 



For the one-dimensional path integral one obtains the following transformation formula 

dE 



K(x",x';T) 
G(q",q';E) 



^e-^G(q", q ';E) , 



i r 



F'(q")F>{q>) 



1/2 



ds"K(q",q';s") 



(A.12) 
(A.13) 



with the transformed path integral K having the form 

1/2 N-l 



K(q",q';s"^ 



lim 

N^oo 

N 



in 



2n\eh 



n 

k=l 



ex P U £ Ye {Aq i )2 ~ " F ' 2 ^)(y{F{qj)) -E)- eAV(qj) 
I 1 3=1 L 



q{s")=q" 



J VqWexpiy jq 2 -F' 2 (q)(v(F(q)-E)-AV(q) 



10 

q(0)=q> 

and with the quantum potential AV^ given by 



ds 



(A.14) 
(A.15) 



AV(q) 



8m \ F 



1 2 



F> 



(A.16) 



Note that AV^ has the form of a Schwarz derivative of F. A rigorous lattice derivation is far from 
being trivial and has been discussed elsewhere [TUl OH H5] . 

Let us consider a pure time transformation in a path integral. Let (q a D-dimensional 
coordinate) 

G(q", q'; E) = ^(q')/(q")^ d*"(q"| exp ( - is" ^/J (H - E)vJ/h) |q') , (A.17) 
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which corresponds to the introduction of the "pseudo-time" s" = /// ds/ /(q(s)) and we assume 
that the Hamiltonian H is product ordered. Then 



G(q",c l ';E)= 1 -(f'n^ 1 - D/2) 
n 



K{q ,q;s )ds 



(A.18) 



with the path integral 
£(q",qV) 

q( S ")=q" 

J Vq(s) 

q(0)=q' 



'gcxp 




/(^(q) + AVp F (q)--B 



ds 



(A.19) 



Here h ac = h ac /\fj, y/g = det(h ac ) and (jA.19j) is of the canonical product form. Note that for 
D = 2 the prefactor gives unity. 

This latter path integral technique of "time-transformation" is used in this paper in almost 
all cases in order to solve the corresponding path integrals in the various coordinate systems on 
Darboux spaces. Of course, the time-transformation is used in such a way that the metric term 
(9 ah) is transformed to unity. 

In our calculations we have in all cases a metric which is diagonal, and in almost all cases is 
of the form = f 2 5 a b- This has the consequence that the quantum potential AV = and the 
term h ac can be transformed to unity. This simplifies the calculations significantly. 



B Some Important Path Integral Solutions and Identities 

In this Appendix we cite some important path integral solutions, in particular for the (radial) 
harmonic oscillator, the linear potential, and for the modified Poschl-Teller potential. 



B.l The Path Integral for the Radial Harmonic Oscillator 

The calculation of the path integral for the radial harmonic oscillator has first been performed 
by Peak and Inomata jSH] • For a comprehensive bibliography, see |34j . We have the path integral 
representation (r > 0) 

r(t")=r" 

Vr(t) exp 

r(t')=r' 

mivVr'r" 



f(r 2 --V) 



.2 A2 ~ I 

2mr 2 



dt 



ihsinuT 



cxp 



(r +r ) cot ujl 



mujr'r" 



ihsin ljT 



(B.20) 



I\{z) is a modified Bessel function. The energy dependent kernel (Green's function G(E)) is 
given by 

r(t")=r" 



1 

ft Jo 



dEj ET ' h 

r(t')=r> 

r[i(l + A - E/ftoj)) 



T>r{t) exp 



muj 



"^4 

2mr z 



dt 



i—r-r,-^,-, ,\ ' ' E/2huj,\/2 1 t ■> 
fiu;VrV 7 r(l + A) 1 ' ' \ h 

Here Muv(z) and Wuv(z) are Whittaker functions. 



2 , ~rnu 2 



(B.21) 
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B.2 Green's Function the Linear Potential 

The energy dependent kernel for the linear potential is given by 

x(t")=x" 



dEe iET / h 



o 

4 m 
3W 



Vx{t) exp 



x(t')=x' 

E\ ( „ E\V' 2 _ 
k 



l f T I m 



o 



— x — kx\dt 



K 



1/3 



~^tr[ x> ~j) 



'1/3 



B.3 Green's Function for the Harmonic Oscillator 

The energy dependent kernel for the harmonic oscillator is given by 



l 

ft Jo 



x(t")=x" 
dEe iET/h / p x (£) exp 

x(t')=x' 



vm 
2h 



y/Smk ( £\ 3/2 

~sr\ x< ~k) 



(x 2 - to 2 x 2 )dt 



rn 



ttH^lo \ 2 fthj J 



E_ 

2 1 Su 



2muj \ 

— — x> D_i e_ 



2mu 



The D v {z) are parabolic cylinder functions. 



(B.22) 



(B.23) 



B.4 The Modified Poschl-Teller Potential 

The path integral solution for the modified Poschl-Teller potential can be achieved by means of 
the SU(l,l)-path integral. For a comprehensive bibliography, see [Hi]. We have [T| l6| fT3| l4"T| 



r(t")=r" 



T>r(t) exp 



m 



fe2 /„2 i 
■ 2 ft I V - 4 



2m V sinh 2 r cosh 2 r 



r(t')=r' v 

= ]T ^ VM^V) exp [— [2(fex - k 2 



dt 



n=0 



n) 



x + 



dp ^^*{r')^ v \r") exp 



i/iT 
2m ^ 



(B.24) 



Let us introduce the numbers fei, &2 defined by: k\ = |(1 ± u), k 2 = ^(1 ± 77), where the correct 
sign depends on the boundary-conditions for r —* and r — ► 00, respectively. In particular for 
r/ 2 = |, i.e. &2 = we obtain wavefunctions with even and odd parity, respectively. The 
number Nm denotes the maximal number of states with 0, 1, ... , Nm < ki — k 2 — \- The bound 
state wavefunctions read as (k = k\ — k 2 — n) 



Nfrrt (sinh r) 2k2 ~ 2 (cosh r)~ 2fcl 



x 2 Fi(-ki + k 2 + k, -k\ + k 2 — K + 1; 2k 2 ; - sinh 2 r) 



1 



T(2k 2 



2(2k - l)r(fci + k 2 - «)r(A;i + A; 2 + k - 1) 
r(A;i - k 2 + /c)r(fci - fc 2 - k + 1) 



1/2 



(B.25) 
(B.26) 
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The scattering states are given by: 

(r) = A^ T ''^(coshr) 2fcl -5( s inhr) 2fc2 -5 

x 2 Fi(fci + k 2 - k, ki + k 2 + k - 1; 2k 2 ; - sinh 2 r) (B.27) 



Ar(^) = 1 / psinhTTp 
p r(2A; 2 ) V 2vr 2 



r(fci + fc 2 - «)r(-fci + k 2 + «) 



xr(fci + fc 2 + K-i)r(-fci + fc 2 -K + i)] 1/2 , (b.28) 

[k = 1(1 + ip)]. 2 F\(a, b; c; z) is the hypergeometric function. The Green's function has the form 

r(t")=r" 



exp < - / 

h Jo J h Jt' 



r(t')=r' 



m 2 #( r?-\ 



2 2m V sinh 2 r cosh 2 r 



dt 



m T(ki — L v )T(Ly + k\ + 1) (fcl _ fca) r // )fcl+fc2+ i/2 

ft 2 r(fci + k 2 + i)r(fci - k 2 + 1) v ; v ; 



x 2 F l ( — L„ + ki,L v + k\ + l;ki — k 2 + 1; — r2 



cosh r< , 

x 2 Fi^-L 1 , + A;i,L i , + /ci + l;fci + /c2 + l;tanh 2 r > ^ . (B.29) 
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